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Preface. 

In General Relativity, the Einstein field equations allow us to study the evolution of a 

spacelike 3-manifold, provided that its metric and extrinsic curvature satisfy a system of 

geometric constraint equations. The so-called Einstein constraint equations, arise as a 

consequence of the fact that the 3-manifold in question is necessarily a submanifold of 

the spacetime its evolution defines. 

This thesis is devoted to a study of the structure of the Einstein constraint system in 

the special case when the spacelike 3-manifold also satisfies the quasispherical ansatz of 

Bartnik [B93]. We make no mention of the generality of this gauge; the extent to which 

the quasispherical ansatz applies remains an open problem. 

After imposing the quasispherical gauge, we give an argument to show that the resulting 

Einstein constraint system may be viewed as a coupled system of partial differential 

equations for the parameters describing the metric and second fundamental form. The 

hencenamed quasisperical Einstein constraint system, consists of a parabolic equation, a 

first order elliptic system and ( essentially) a system of ordinary differential equations. 

The question of existence of solutions to this system naturally arises and we provide a 

partial answer to this question. We give conditions on the initial data and prescribable 

fields under which we may conclude that the quasispherical Einstein constraint system is 

uniquley solvable, at least in a region surrounding the unit sphere. 

The proof of this fact is centred on a linear iterative system of partial differential equations, 

which also consist of a parabolic equation, a first order elliptic system and a system of 

ordinary differential equations. We prove that this linear system consistently defines a 

sequence, and show via a contraction mapping argument, that this sequence must converge 

to a fixed point of the iteration. The iteration, however, has been specifically designed 

so that any fixed point of the iteration coincides with a solution of the quasispherical 

Einstein constraints. 

The contraction mapping argument mentioned above, relies heavily on a priori estimates 

for the solutions of linear parabolic equations. We generalise and extend known results 
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concerning parabolic equations to establish special a priori estimates which relate a useful 

property: the L2-Sobolev regularity of the solution of a parabolic equation is greater 

than that of the coefficients of the elliptic operator, provided that the initial data is 

sufficiently regular. This 'smoothing' property of linear parabolic equations along with 

several estimates from elliptic and ordinary differential equation theory form the crucial 

ingredients needed in the proof of the existence of a fixed point of the iteration. 

We begin in chapter one by giving a brief review of the extensive literature concerning 

the initial value problem in General Relativity. We go on, after mentioning two of the 

traditional methods for constructing spacetime initial data, to introduce the notion of a 

quasispherical foliation of a 3-manifold and present the Einstein constraint system written 

in terms of this gauge. 

In chapter two we introduce the various inequalities and tracts of analysis we will make use 

of in subsequent chapters. In particular we define the, perhaps not so familiar, complex 

differential operator a (edth) of Newman and Penrose. 

In chapter three we develop the appropriate Sobolev-regularity theory for linear parabolic 

equations required to deal with the quasispherical initial data constraint equations. We 

include a result due to Polden [P] here, with a corrected proof. This result was essential 

for deriving the results contained in the later chapters of [P], and it is for this reason we 

include the result. We don't make use of it explicitly when considering the quasispherical 

Einstein constraints, but the ideas employed are similar to those we use to tackle the 

problem of existence for the quasispherical constraints. 

Chapter four is concerned with the local existence of quasispherical initial data. We 

firstly consider the question of existence and uniqueness when the mean curvature of 

the 3-manifold is prescribed, then after introducing the notion of polar curvature, we also 

present another quasispherical constraint system in which we consider the polar curvature 

as prescribed. We prove local existence and uniqueness results for both of these alternate 

formulations of the quasispherical constraints. 

This thesis was typeset using B--TgXwith the package am.ssymb. 
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Chapter 1 

Initial Value Formulation of General 

Relativity. 

In Einstein's Theory of General Relativity, unlike other theories of classical physics, we 

may not treat the spacetime background as prescribed but rather as a dynamical object 

whose defining parameters are to be found by solving the Einstein field equations: 

G = 81rT. (1.1) 

Here G is the Einstein tensor defined as 

G = Ric- lRg 
2 ' 

(1.2) 

where Ric is the Ricci tensor of the spacetime metric g and R is the associated scalar 

curvature. 

T is the stress-energy tensor of the particular matter occupying the region of spacetime 

in which we wish to solve (1.1). 

Hence the Einstein field equations may be viewed as a system of second order partial 

differential equations for the metric parameters 9af3, a, /3 = 0, 1, 2, 3. 

With other classical theories of physics in mind, along with their formulations as initial 

value problems, the question arises as to how one should pose General Relativity as an 

initial value, or Cauchy problem. In particular, we have the question of what appropriate 

initial data might be? 
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1.1 Topological Considerations. 

Before providing an answer to what appropriate initial data might be, we need to make an 

assumption about the topological nature of the spacetime (M, g) under consideration. We 

assume that the spacetime is globally hyperbolic. Roughly speaking, a globally hyperbolic 

spacetime is one in which the entire future and past of the universe can be predicted from 

conditions at a single instant of time. Before we can give a formal definition of global 

hyperbolicity we need to make the following definitions, [Wa] . 

We define the chronological future of a point p E M to be the set 

J+ (p) = { q E M : p and q can be joined by a future pointing timelike curve}. 

The chronological future of a set s·c Mis then defined as 

J+(s) = U J+(p). 
pES 

A set Sc Mis said to be achronal if J+(S) n S = (/J. 

If S c M is an achronal set then we may define the future domain of dependence of S, 

denoted n+ ( S), by 

n+(s) = {p EM : Every past inextendible causal curve through p intersects S}. 

We may define the past domain of dependence of S, denoted by n-(S), in a similar way 

by replacing 'past' with 'future' in the above definition. The domain of dependence of S, 

denoted by D ( S), is then defined as 

A closed achronal set I: for which D(:E) = M is called a Cauchy surface. A spacetime 

(M, g) which possesses a Cauchy surface is said to be globally hyperbolic. 

The relevance of global hyperbolicity to the problem of obtaining an initial value formula

tion of General Relativity lies in a well known result [Wa, Thm 8.3.14], which states that 

if (M, g) is a globally hyperbolic spacetime then M can be foliated by Cauchy surfaces 

Et, parameterised by a global time function t. 

Let n be the unit normal vector field to the hypersurfaces Et, and let n~ be the associated 

one-form defined by 
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The spacetime metric g induces a three dimensional Riemannian spatial metric h on each 

Et defined as the pull-back of g to Et. We have 

(1.3) 

for all X, Y E T Ml1:t . 

If tis the global time function then we may interpret Ot as representing the 'flow of time' 

and we may decompse 8t into parts tangential and normal to the hypersurfaces Et as 

(1.4) 

The scalar a is known as the lapse function and the vector field /3 = j3if)i is known as the 

shift. 

If we identify the hypersurfaces E0 and Et by the diffeomorphisms resulting from following 

integral curves of Bt, we may view the effect of 'moving forward in time' as that of changing 

the spatial metric on an abstract three dimensional Riemannian manifold. This suggests 

that we view the spacetirne metric on a three dimensional hypersurface as the dynamical 

variable in General Relativity. Hence, we would expect appropriate initial data to consist 

of a Riemannian metric h and its 'time derivative' which tells us how it changes initially. 

1.2 Geometric Considerations. 

To formulate General Relativity as an initial value problem, we are left with the question 

of what to use as a sensible measure of the 'time derivative' of a spatial metric h. To 

answer this question we consider the second fundamental form of the hypersurface Et, If 

X, YE TEt then the second fundamental form K(·, ·) is defined as the component of the 

g-covariant derivative v' x Y residing in TEr, where we note that T Mb = TEt EB TEf. 

That is to say that the second fundamental form is given by 

K(X, Y) = -g(n, v'xY) ~ (v'xY)1- = K(X, Y)n VX, YE TEt. (1.5) 

If we assume that v' is torsion-free, then we find that K is a symmetric bilinear form on 

TEt, Assuming further that v' is metric compatible, we find [Wa] 

2 K(X, Y) - -g(n, v' x Y) - g(n, \i'yX) 

- g(v' xn, Y) + g(v'yn, X) 

g(v'nX, Y) - g([n,X], Y) + g(v'nY,X) - g([n, Y],X) 

.Cng (X, Y). 
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Using the fact that h = g + nb © nb we find that 

I' t"b b b t"b Cnh = J..,ng + J..,nn © n + n © J..,nn , 

so that 

(1.7) 

Recalling (1.4), we also find that 

(1.8) 

Defining coordinates (x, t) on the spacetime, at least in the vicinity of the hypersurface 

Et, it then follows that 

Cath (fA, ai)(x, t) = 8thii(x, t), 

where { fJi}r=l is a basis for TEt, 

Hence, putting together (1.6), (1.7), (1.8) and (1.9) we have 

K = ½a-1 (8th - Cph), 

(1.9) 

(1.10) 

and so the time derivative of the spatial metric is inherent in the second fundamental 

form on TEt, It therefore seems reasonable, that appropriate initial data should consist 

of a triple (Eo, h, K), where E0 is a three dimensional manifold, his a Riemannian metric 

on E0 and K is a symmetric tensor field on Eo. 

1. 3 Initial Data Constraints. 

Owing to the fact that (E0 , h) is necessarily a submanifold of the spacetime (M, g), it is 

not possible to prescribe h and K with complete freedom. We have already mentioned 

that the tangent bundle over the spacetime ( M, g), when restricted to the spacelike slice 

(E0 , h) may be viewed as a sum 

. ..L 
TMl~o = TEo EB TE0 • 

As a consequence of this induced structure, the geometry of the submanifold (E0 , h) will 

be constrained by that of the ambient spacetime. 

Denoting the g-covariant derivative by v' and the h-covariant derivative by D it is possible 

to decompose the vector field v' x Y into components in TE0 and TE}, respectively, as 

follows: 

v'xY = DxY + K(X, Y)n VX, YE TE0 , 

4 
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where we have already met the second fundamental form K(X, Y). 

· Elaborating on this fact, it is possible to obtain relationships between the curvatures of 

V and D. These relationships are embodied in the well known equations of Gauss and 

Codazzi. In the case of a spacelike hypersurface embedded in a spacetime, the Gauss

Codazzi equations are of special relevance. Before writing the Gauss-Codazzi equations 

we consider two different ways of viewing the second fundamental form K(X, Y); firstly 

as a TI:}-valued function via 

K(X, Y) = K(X, Y)n VX, YE TI:0 , 

and secondly as a degree three tensor via 

K(X, Y, ry) = g(K(X, Y), ry) VX, YE TI:o, 'T/ E TI:f. 

We also define the curvature operators in the usual way 

The curvature tensor of h is defined as follows 

with a similar definition for the curvature tensor of g. 

With these definitions in hand we write the Gauss-Codazzi equations as [Wi) 

g(R(X, Y)Z, W) - h(Rh(X, Y)Z, W) = g(K(X, Z), K(Y, W)) - g(K(X, W), K(Y, Z)), 

(1.12) 

g(R(X, Y)Z, rJ) = V xK (Y, Z, rJ) - \!yK (X, Z, r,), (1.13) 

where X, Y, Z, W E TI:0 and 'TJ E TI:{ 

We now let {Xa}!=o be an orthonormal basis for M (or some neighbourhood) with {XiH=i 

an orthonormal basis for I:0 (or the corresponding neighbourhood), so that X 0 = n. The 

Ricci tensors and scalar curvatures are then defined as 

and 
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The Gauss-Codazzi equations then give 

R(Xi,Xj,Xj,Xi) ='Rh+ (trhK) 2 
- IIKJl 2 

R(Xi,Xj,Xi,Xo) = Dx1K (Xi,Xi) - DxiK (Xi,Xj) , 

where we have set trhK = K(Xi, Xi) and IIKll2 = K(Xi, Xj)K(Xj, Xi). 

Recalling the Einstein tensor we also have 

and 

G(Xo, Xi) = R(Xi, Xi, Xi, Xo). 

Imposing the Einstein field equations we therefore obtain 

'Rh+ (trhK)2 
- IIKll2 

Di Kij - Di(trhK) 

(1.14) 

(1.15) 

(1.16) 

(1.17) 

The equations (1.16,1.17) are thus necessarily satisfied by a data set (h, K) and are equiv

alent to four of the Einstein field equations. Since they constrain the initial data they 

are termed the constraint equations. More particularly, (1.16) is called the energy or 

Hamiltonian constraint and (1.17) are called the momentum constraints. The remaining 

six Einstein field equations determine the evolution of the initial data and are therefore 

referred to as the evolution equations. 

Fundamental results due to Choquet-Bruhat, York and Geroch [CB62, CBG69, CBY79] go 

on to establish that if ( h, K) satisfy the constraint equations and are sufficiently smooth, 

then there exists a unique ( up to diffeomorphism) spacetime satisfying the Einstein equa

tions, extending the data :E0 . Moreover, the constraint equations are preserved by the 

evolution equations. 

1.4 Constructing Spacetime Initial Data. 

We will now briefly discuss some of the traditional methods of constructing initial data 

sets satisfying (l.16,1.17). In particular, we will outline the so-called conformal method 

introduced by Lichnerowicz [Li44] and developed and extended by Choquet-Bruhat [CB56, 

CB71], Brill [Br59], York [Y72] and O'Murchadha and York [OY74-1, OY74-2]. We will 

also briefly describe the thin sandwich formulation of the constraints as introduced by 

Wheeler, before defining quasispherical coordinates, as introduced by Bartnik [B93] and 

obtaining the constraint equations in the quasispherical gauge. 
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1.4.1 The Conformal Method. 

The conformal method of constructing gravitational initial data is by far the most common 

method employed in the literature and is based on the conformal class of the spatial metric 

h. To illustrate the technique we consider the case where trhK = 0 and T = 0. Given :E, 

one prescribes an arbitrary Riemannian metric h, on :E, and solves the relatively simple 

momentum constraint (1.17), 

(1.18) 

for a trace-free tensor field k. Note that bis the covariant derivative with respect to h. 
The momentum constraint is now of a particularly simple form owing to the zero mean 

curvature and vacuum assumptions. If we perform a conformal transformation of the 

metric h 

h = <f}h, (1.19) 

and define K = ¢-2 k, then equation (1.18) implies that 

D jK·· -O 
tJ - ' (1.20) 

so it only remains to solve the Hamiltonian constraint for ( h, K). A transformation of the 

form (1.19) induces a transformation of the scalar curvature (in three dimensions) 

(1.21) 

and so we may write the Hamiltonian constraint for ( h, K) in terms of the conformal 

factor¢ and the (known) quantities h and k as 

(1.22) 

The problem of constructing (zero mean curvature, vacuum) spacetime initial data has 

now been reduced to the problem of finding solutions ¢ of the nonlinear elliptic equation 

(1.22). 

In the case of nonzero mean curvature, the conformal method is not so clear cut. Let 

h be a Riemannian metric and T be a prescribed mean curvature function. It is then 

convenient to work in terms of A, the trace-free part of K with trhK = T; the momentum 

constraints may be written 

K A+½hT 

~ DiT + 81rT0i. 
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The basic observation is that if we set 

(1.25) 

then we have 
DjAij = ¢-10 Dj.Aij. 

If we also set T0i = ¢-10f'oi then (1.24) becomes 

(1.26) 

As shown by York [Y73], it is possible to split a symmetric covariant 2-tensor S, in terms 

of a given vector field W, as follows: 

(1.27) 

where S* is a symmetric covariant 2-tensor which is transverse and traceless, that is, 

(1.28) 

and lh is the conformal Killing operator 

(1.29) 

Applying this splitting to A we have 

(1.30) 

Since A* is transverse, the momentum constraints may be reduced to the form 

(1.31) 

The operator !:).* defined by 

!:).*X iJ · [l1JX)] 

~hx + ½b(b • X) + Ric(h) • X 

has injective symbol and so (1.31) is an elliptic system for W. 

Using the notation introduced in (1.23) the Hamiltonian constraint (1.16) has the form 

(1.32) 
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Applying the conformal transformations given by (1.21) and (1.25), the splitting (1.30) 

and setting Too = </>-8f'oo, (1.32) becomes 

(1.33) 

We note in addition that we may regard ,t as freely specifiable since the trace-free 

condition implies that Dj ( ¢-10 At) = 0, so that for any ¢ > 0 we may freely add ¢-10 Aij 
to AiJ in (1.24). 

To summarise, the data set 

h - ¢}ii 

K - ¢-2 A*+ ¢,-2l1/W) + ½7(/ih, (1.34) 

satisfies the initial data constraints (1.16,1.17) if¢ and W satisfy the semilinear elliptic 

system (1.31,1.33). This system has been studied by many authors. For an example of a 

recent article see [CBIYOO). 

It is also of interest to note that for the case of spacetime initial data of constant mean 

curvature, (1.31) is independent of¢, which in this event, is determined by (1.33) alone. 

The conformal method has both advantages and disadvantages; on one hand, every solu

tion of (1.16,1.17) may be obtained in this manner from suitable h, T and A*, while on 

the other hand, the elliptic system (1.31,1.33) does not always admit solutions, it is dif

ficult to solve numerically in general, and distinct data can give rise to diffeomorphically 

equivalent solutions of the constraints [B95). 

1.4.2 The Thin Sandwich Formulation. 

The "superspace" picture of the Einstein equations espoused by J. A. Wheeler and others 

[MTW, BSW62], envisages spacetime as a curve in superspace S, the space of Riemannian 

metrics on a fixed three dimensional manifold M. Wheeler advanced the conjecture that, 

given two metrics h1 , h2 E S, there exists a unique space time V in which h1 , h2 arise as 

the induced metrics on disjoint Cauchy surfaces in V. Vis the spacetime 'connecting' h1 

and h2• This conjecture was dubbed the sandwich conjecture for reasons which should be 

apparent. 

Upon considering the analogous problem in electrodynamics, however, it is found that 

the uniqueness part of the sandwich conjecture is false, and so there is reason to believe 

that the uniqueness assertion in the sandwich conjecture, as pertaining to the Einstein 
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equations, may also be false. The same problem does not arise with the thin sandwich 

conjecture which asserts that, given a point h E S and a tangent vector h E ThS, there 

is a unique spacetime V realising the initial condition ( h, h). This means that V has a 

time function t and a time fl.ow vector field 8t such that the metric in adapted coordinates 

(t, x) has the form 

(1.35) 

where h(t, x) is the induced metric on the level sets oft, a is the lapse and /3 is the shift. 

We have 

Applying these ideas to the construction of spacetime initial data, we then require that 

the second. fundamental form is compatible with (h, h) through the metric (1.35), that is 

to say that there is ( a, /3) such that 

(1.36) 

Setting E = 81rT00 , Si = 81rToi and substituting (1.36) into (1.16,1.17) converts the con

straints into a system of equations for the lapse and shift (a, /3), with source functions 

E, Si, hij and hij· This is the system of thin sandwich equations (TSE). Formally solving 

(1.16) for the lapse gives 

a= 
('yf)2 - ,ij'Yij 

2E - 'R,h 

where we have set 'Yii = ½hij - .B(ili) for brevity. 

Substituting for a in (1.17) gives the reduced thin sandwich equations (RTSE) 

(1.37) 

(1.38) 

which we view as a system of partial differential equations for /3i, the components of the 

shift. 

It has been shown in [BF93] that the RTSE are solvable provided the geometric condition 

(1.39) 

is satisfied everywhere in M and provided that h is chosen in such a way that the lapse 

function satisfies 

a>O. (1.40) 
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An additional necessary condition for solvability of the RTSE is that the equation 

(1.41) 

only has solutions (¼, µ) with ¼ = 0. These conditions, taken together, greatly limit 

the prospects of constructing spacetime initial data via the thin sandwich approach and 

restricts the validity of the superspace picture of the Einstein equations in general. 

1.5 Mass Considerations. 

One believes that there should be an analogue in general relativity of the usual Newtonian 

measure of the mass of an extended body, measuring the contributions of both the local 

matter density and the gravitational field. For an infinitesimal body (point) the usual 

stress energy tensor density suffices, while for an isloated system, ie. an asymptotically 

flat manifold with metric g, we have the Arnowitt-Deser-Misner (ADM) mass at infinity, 

which is formally defined as follows 

l i . mADM = - ( ai9ij - aj9ii) dSJ. 
167!" S(oo) 

(1.42) 

The notation fs(=) means the integral is taken over S(oo), the sphere at infinity. This 

integral is defined as the limit of the integral over finite spheres S(r) as r ➔ oo, ie. 

"fs(oo) = limr➔= fs(r/' · 
The integrand in (1.42) is a coordinate independent expression given in coordinates xi 

near infinity, in which the metric is approximately flat. More precisely, we say that (M, g) 

is asymptotically flat (AF) if there exists a compact K C Mand a diffeomorphism (coor

dinate chart at infinity) <I>: M\K ➔ JR3 \B(O, 1) such that <I>*g - o E W~'~/JR3 \B(0, 1)), 

where o is the Euclidean metric. 

The Positive Mass Theorem, first proved by Schoen and Yau in 1979, states that if (M, g) 

is a complete, connected, AF 3-manifold (with appropriate decay conditions) satisfying 

R 9 ~ 0, then mADM > 0 and mADM = 0 if and only if (M, g) = (JR.3 , o). 

The problem of constructing a quasilocal mass function may then be stated as follows: 

Given a spacelike 2-surface an, bourlding some spacelike region n, we want a function 

ant-+ m(an), or m(n), which in some sense represents the 'energy inside an'. Suppose 

n is a domain with an connected in an asymptotically flat maximal (trK = 0) slice 

M. Assuming the weak energy condition, which amounts to assuming Rg ~ 0, the basic 

properties that one would like the function m(n) to satisfy are 

11 



(i) m(O) should be uniquely defined \;/0, c M. 

(ii) m(n) > 0, unless n c R3 in which case m(n) = 0. 

(iii) If 0 1 C !"22 C M then m(01) ~ m(02)-

(iv) If {nk}f:1 is an exhaustion of M then 

Introducing the following class 

lim m(Ok) = ffiADM· 
k➔oo 

PM= {(M,g) : (M,g) is a complete, Riemannian, AF 3-manifold with 

R 9 ~ 0 and containing no stable minimal 2-sphere} (1.43) 

we may define a function which seems to possess all the properties expected of a quasilocal 

mass function. Suppose O c M E 'PM, with an connected. Here n c M means that 

n is an isometric subset of M; we say M is a positive mass extension of 0. The Bartnik 

mass mB is then defined as 

(1.44) 

We note that the 'no stable minimal 2-sphere' clause in the definition of PM is needed so 

that we avoid the possibility of having mass 'hidden' beyond the horizon of a black hole. 

Although mB seems to fill all the requirements expected of quasilocal mass [B89), when 

it comes to actually calculating it we are faced with certain problems. In particular, we 

are left with the following extension problem: 

Given a bounded data set (n, g0 , Ko), find an AF data set (M, g, K) with 

boundary E = aM ~ an such that the complete manifold M UE 0, obtained 

by gluing Mand n along E, forms an initial data set in PM. 

Requiring that (M, g) has bounded curvature across E = 8(M\O.) implies the boundary 

conditions 

(1.45) 

where HE= trEK is the mean curvature. 

At this point we see that the conformal method for constructing spacetime intial data 

is poorly suited to the extension problem. Given a metric g on M\O., for the conformal 

method we must solve the semilinear elliptic equation [B91), 

(1.46) 
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where g = q}g is the required 3-metric. The boundary conditions (1.45) imply that 

.§ITE = 9olTan without loss of generality. 

Under conformal change of the metric the mean curvature of E transforms as 

(1.47) 

where 8n is the outward §-unit normal derivative. 

(1.47) implies that the boundary conditions (1.45) are equivalent to the boundary condi

tions for <p on E 

(1.48) 

where HE,fj and Han,go are the given mean curvatures. Clearly the boundary conditions 

(1.48) are ill-posed and so the conformal method is inadequate for solution of the extension 

problem. 

1.6 Quasispherical Coordinates. 

We now describe a method for constructing spacetime initial data based on the so-called 

quasispherical ansatz. Assume that the 3-manifold, M, can be foliated by surfaces of 

constant positive Gauss curvature (ie. rescaled 2- spheres), such that the area function 

41rr2 E C00 (M) can be used as a global coordinate. Using standard polar coordinates 

( ,{), r.p) on the 2-spheres, the most general metric compatible with these assumptions may 

be written as [B93, Lemma 2.1] 

(1.49) 

for functions u(r, iJ, r.p) > 0, (3A(r, iJ, r.p), A= l, 2. We call the metric in these coordinates 

quasispherical, since this naturally generalises the class of spherically symmetric metrics. 

Computing the scalar curvature R of (1.49) we find that [B93] 

where 

B = ½ldiv/312 + ½lv'(Af3B)l2 - r&r(div(3) + f3A v' A(div/3) - !div(3, (1.51) 

and 

1 = (1 - ½div/3)-1, div/3 = v'Af3A- (1.52) 

Note here that lv'(Af3B) 12 = (v\(31)2 + 2(v'(2,81)) 2 + (v'2f32) 2
. 
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Equation (1.50) is a semilinear parabolic equation on S 2 for u, with f3A and n regarded 

as prescribed fields. General global existence theorems for solutions of (1.50) have been 

proven in [B93), under suitable regularity and boundedness assumptions about the pre

scribed fields. In particular, /3 is required to satisfy 

2 - div,B > 0 (1.53) 

so that (1.50) is parabolic evolution in the direction of increasing r. 

The parabolic equation (1.50) provides a method of solving the Hamiltonian constraint. 

If we use the Hamiltonian constraint (1.16) to define the scalar curvature n in terms 

of T00 , IIKll 2 and trhK, then specifying /3 appropriately and solving (1.50) for u yields 

a quasispherical metric satisfying the Hamiltonian constraint. To solve the momentum 

constraints it is convenient to reparameterise K. We define the quasispherical orthonormal 

coframe 

01 f3 1dr + rd{) 

02 /32 dr + r sin {)dr.p 

03 - udr 

and write 

where 'T/AB is a symmetric, traceless , ·2-tensor on S2 • The momentum constraints (1.17) 

may then be written in terms of this quasispherical parameterisation as 

81rT03ru = - (r8rµ - /3A'v Aµ+ (3 - div/3)µ) 

+udivA: + A:A\7 AU+ 'T/ABV(Bf3A) + (2 - div/3)H (1.55) 

VB(urJAB) +µ\?Au+ V A(u(½µ- H)) 

Note the distinction between the hatted spacetime indices A = 1, 2 and the non-hatted 

sphere indices A = 1, 2. 

The system of equations (1.50,1.55,1.56) comprise the spacetime intial data constraints in 

the quasispherical gauge, and so will be referred to as the Quasispherical Einstein Con

straint System (QSECS). Having introduced the QSECS we will leave further discussion 

concerning it until chapter 4 when we begin to consider its local solvability. 
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It is of interest to point out that the quasispherical form of the metric fares much better 

with the extension problem than the conformal method. If S; denotes a leaf of the 

quasispherical foliation, defined by 

S; = {p E M : r(p) = r} 

then the mean curvature of S; is 

Hr = Hs2 = ~(2 - div,B) . 
r ru 

Therefore if ,Bis given and satisfies (1.53), then prescribing Hro > 0 amounts to specifying 

u(ro) which may then be taken as initial data for (1.50). Solution of (1.50), with initial 

data so defined, then yields an extension metric, at least in the case when the mean 

curvature is prescribed on a standard S2• 
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Chapter 2 

Analytic Preliminaries·. 

The main concern of this thesis is the analysis of a system of partial differential equations 

arising in the study of General Relativity. In the treatment of partial differential equations 

in general, there are certain techniques which are employed as standard tools to aid in 

their analysis and we will certainly make use of some of them. In this chapter we give a 

list of the standard integral inequalities we will make use of in the later chapters of this 

thesis, as well as some of the abstract functional analytic results we will make mention of. 

In the last section of this chapter we present a discussion on the complexification of the 

sphere in order to introduce the, perhaps not so familiar, differential operator a, which we 

will find greatly simplifies the structure and analysis of the partial differential equations 

encountered in the later chapters. 

2.1 Integral Norms and Inequalities. 

For p ~ 1, we let V(M) denote the Banach space of measurable functions on a manifold 

M which are p-integrable. The norm in V(M) is defined by 

(2.1) 

For p = oo, L00 (M) denotes the Banach space of bounded functions on M with norm 

llu!ILoo(M) = sup lul. 
M 

(2.2) 

The following result is of paramount importance and is known as Holder's inequality. 
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Lemma 2.1.1 Suppose 1 ~ p, q < oo and ~ + ¼ = 1. Then for any u E V(M) and 

v E Lq(M) we have 

(2.3) 

Proof: Owing to the fact that x 1--t ex is a convex mapping, we have the generalised 

Young's inequality, which states that for any a, b, E > 0 

(2.4) 

is satisfied for any 1 < p, q < oo provided ¼ + ¼ = 1. 

Setting 
lul 

a= 1 

(J M lulP dµM) i> 

in Young's inequality with E = 1 and integrating the resulting inequality over M gives 

This proves the result for 1 < p, q < oo. In the case where p = 1 and q = oo the result is 

trivial. ■ 

The following two results are extremely useful and immediate consequences of Holder's 

inequality, 

Corollary 2.1.2 If M is a compact manifold and u E Lq(M) then u E V(M) for all 

1 ~ p ~ q and 

Proof: Applying the Holder inequality we have 

for any 1 < r, s < oo such that ~ + ¼ = 1. Setting s = ; gives the result. 

Corollary 2.1.3 Suppose 1 ~ p ~ r ~ q ~ oo, 0 E (0, l] and 

1 0 1- 0 
-=-+--. 
r p q 

If u E V(M) n Lq(M) then u E Lr(M) and 

llullucM) ~ llulliP(M) llulll";fM)· 
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Proof: Writing luir . /ut9 lulr(l-O) we have 

This fact follows from Holder's inequality, which applies since ~ + r(
1
;

0
) = 1. ■ 

Applying Young's inequality to (2.6) we obtain the more useful interpolation inequality 

for V-norms, namely, 

(2.7) 

where 
r(q - p) 

a= p(r - q)' p::; r::; q. 

A Banach space 8 1 is said to be continuously imbedded in a Banach space 82 if there 

exists a bounded, linear, one-to-one mapping: 8 1 --+ B2. To denote such an imbedding 

we write 8 1 --+ 8 2 . Corollary 2.1.2 may therefore be restated simply as Lq(M) ➔ V(M) 

if p ::; q. 

2.1.1 Weak Derivatives and Sobolev Spaces. 

Let u be locally integrable on M and a be a multiindex. A locally integrable function v 

is called the a th weak derivative of u if it satisfies 

(2.8) 

We write v = D°'u and note that Detu is uniquely determined up to sets of measure 

zero. We call a function k-times weakly differentiable if all its weak derivatives exist for 

orders up to and including k. We denote the linear space of k times weakly differentiable 

functions by Wk(M). Clearly Ck(M) c Wk(M). 

The space of functions on M whose weak derivatives up to order k are p-integrable is a 

Banach space denoted by wk,p ( M). The norm is defined by 

An equivalent norm would be 

/lu/l~k,P(M) = L 1/DaullLP(M) · 
lal9 
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Another Banach space w;·11(M) arises by taking the completion of C~(M) in Wk.P(M). 

The case when p = 2 is special, since in this instance, Wk•2(M) and w;,2(M) are Hilbert 

spaces under the scalar product 

(2.11) 

For this reason we will denote the Hilbert spaces wk,P(M) and w;,P(M) as Hk(M) and 

H~(M) respectively. 

As far as the analysis of partial differential equations goes, one of the most useful facts 

regarding Sobolev spaces is the following imbedding theorem and the associated inequality 

known as the Sobolev inequality. 

Theorem 2.1.4 Suppose M is an n-dimensional manifold. Then 

where 
* np 

p =-
n-p 

(2.12) 

is called the Sobolev conjugate of p. The imbedding is realised through the inequality 

The constant Cs depends only on p and n. 

If in addition M is compact then 

This imbedding is realised through the inequality 

(2.13) 

(2.14) 

(2.15) 

Proof: The result is fundamental to the analysis of partial differential equations and its 

proof may be found in many texts dealing with this subject. For the manifold setting, 

the preferred reference would be [A). ■ 

The interpolation and Sobolev inequalities can be used to show that a second equivalent 

norm for wk,P(M) is defined by 

(2.16) 
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Similarly we see that an equivalent inner product on Hk(M) is 

(2.17) 

Combining the results of Theorem 2.1.4 and Corollary 2.1.2 we have the following useful 

result. 

Corollary 2.1.5 Suppose M is a compact manifold and u E W102 (M) . Then 

llullLP{M) < C IIDullL2(M) 

llullL2+•(M) < C IIDullL2(M) 

V2 < p < oo if n = 2 

VO < t < -
4

- if n > 3. - n-2 -

The constant C > 0 depends only on M, n and t. 

Proof: Combining Theorem 2.1.4 and Corollary 2.1.2 we have 

(2.18) 

(2.19) 

with the associated inequalites, provided that ;~~~: ::; 2. This is always the case if n = 2, 

while for n :2:: 3 it is true precisely when t :::; n~2 . ■ 

The Sobolev imbedding Theorem may also be extended to the spaces w;,P(M) by iterating 

Theorem 2.1.4 k times. Doing so we obtain 

Corollary 2.1.6 

w;,P(M) -+ v · (M) 

w;,P(M) -+ cm(M) 

for kp < n 
n 

for O ::S m < k - - . 
p 

(2.20) 

(2.21) 

We will also make use of the following inequality of Nirenberg and Gagliardo,[G59],[N59). 

Lemma 2.1.7 Suppose that f E wk,r(M) n Lq(M), 0 < i:::; k and p,q and r are such 

that 

satisfies O ::S a ::S 1. Then 

· ( 1 1) i+n--q p 

20 

(2.22) 



Proof: Estimates of the type presented in this result first arose in the work of Gagliardo 

[G59], Nirenberg [N59] and Moser [M66]. For a detailed discussion of these sorts of 

estimates see [Ta). The result stated above may be found with proof as [Ta, Prop 3.5] .■ 

Estimates of the type of the (2.22) are the basis for the following useful result which gives 

us a way of estimating derivatives of products. 

Corollary 2.1.8 Suppose that f E wk,q(M) and g E wk,r(M), then 

with l/p = l/q + l/r. 

Proof: The result follows from Lemma 2.1.7. See [Ta, Prop 3.6,3.7] where the author 

proves analogous results using the special case of (2.22) with r = 2, q = oo and p = 2k/i 

before going on to estblish estimates for the composition of functions as well. ■ 

In the following chapters of this thesis we will find the need to argue in terms of difference 

quotients. Let u be a function on a domain n C Rn and denote by ei the unit coordinate 

vector in the Xj direction. We define the difference quotient in the direction ej by 

hjO. (2.24) 

The following lemmas pertain to difference quotients of functions in Sobolev spaces. 

Lemma 2.1.9 Let u E w1,P(fl). Then 6,,.hu E V(O.') for any O' cc n satisfying h < 

dist(O' , 80), and we have 

(2.25) 

Proof: The result is [GT, Lemma 7.23]. The proof may be found accompanying the 

result. • 
Lemma 2.1.10 Let u E V(O), 1 < p < oo, and suppose there exists a constant K 

such that 6,,.hu E V(O) and IJ6,,.hullLP(!1') :::; K for all h > 0 and 0.1 CC 0. satisfying 

h < dist(n\ 80.). Then the weak derivative Dju exists and satisfies IIDiullLP(O) :::; K. 

Proof: For the proof see [GT, Lemma 7.24] . • 
We will also make extensive use of Gronwall's inequality. 
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Lemma 2.1.11 Let rJ be a nonnegative, absolutely continuous function on [O, T], which 

satisfies for almost every t the differential inequality 

171(t) ::=; <!>(t)17(t) + ?j;(t), (2.26) 

where </>(t) and ?j;(t) are nonnegative, summable Junctions on [O, T]. Then 

1J(t) ~ exp ([ ¢(s) ds) [l)(O) + J.' ,P(s) ds] (2.27) 

for all O ::=; t ::=; T. 

Proof: From (2.26) we have 

! ( 1J(s) exp (-1 5 

</>(a) da)) exp (-1 8 

</>(a) da) [17
1
(s) - </>(s)17(s)] 

< ?j;(s) exp ( -1 8 

</>(a) da) 

for almost every O :::; s ::=; T. 

Integrating this expression over [O, t] C [O, T] we obtain (2.27). ■ 

2.2 Abstract Existence Theorems. 

One of the main results in this thesis will be a proof of the local existence of solutions of 

the QSECS. The main idea involved in this proof was inspired by the following elementary 

Contraction Theorem of Banach. 

Theorem 2.2.1 (Banach) Let X be a non-empty Banach space and let T: X ➔ X be 

a contraction on X. Then T has a unique fixed point. 

Proof: The proof can be found in most elementary texts on Functional Analysis. See 

[Kr], for example. The basic idea is to define an iterative sequence by Xn+1 = Txn. 

Owing to the fact that T is a contraction, the sequence { xn}~=O must be Cauchy, and so 

converges to a fixed point. The contraction property may also be used to prove that this 

fixed point is unique. ■ 

The Riesz Representation Theorem is fundamental to the analysis of Hilbert space and 

we will certainly employ its conclusions in the later pages of this thesis. Therefore, for 

the sake of completeness we state the Theorem here without proof, along with one of its 

most useful generalisations, namely the Lax-Milgram Lemma. 
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Theorem 2.2.2 (Riesz) A Hilbert space H is isometric to its dual H* . In particular, 

for every x E H the linear functional lx E H* defined by 

is bounded with norm lllxllH• = llxllH• Moreover, for every l E H*, there exists a unique 

x E H such that 

l(x) = (x, Y)H Vy EH, 

and, furthermore, llxllH = IIZIIH· • 

Proof: The Riesz Representation Theorem along with its proof may be found in most 
' 

introductory texts on Hilbert space and functional analysis. See [Kr], for example. ■ 

Lemma 2.2.3 (Lax-Milgram) Let H be a Hilbert space and let B : H x H -+ R be a 

bilinear mapping. Suppose there exist positive constants c1 and c2 such that 

and 

Then J or every f E H* there exists a unique y E H such that 

B(x, y) = f(x) Vx EH. 

Furthermore, there exists a constant C, independent off, such that 

Proof: See [RR, Thm 8.14). 

2.3 Complexification of the Sphere S2• 

When dealing with problems exhibiting spherical symmetry, it is often useful to express 

fields in terms of the familiar scalar, vector and tensor spherical harmonics. Introducing a 

complex structure it is possible to generalise the concept of spherical harmonics to that of 

spin-weighted spherical harmonics. With the complex structure in place we are also able 

to express all invariant differential operators on the sphere in terms of the one complex 
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geometric operator. We will find in the later chapters of this thesis that the introduction of 

this operator greatly clarifies the structure of the partial differential equations considered 

there. With this end in mind, we take time to elaborate on the complexification of 8 2 

and the differential operator that arises. The following treatment borrows from [C],[PR] 
and [BN99). 

Let V be a real vector space of dimension n. V is said to have a complex structure if 

there is a linear endomorphism J : V -+ V satisfying J 2 = - I, where I is the identity 

endomorphism. An eigenvalue of J is a complex number f such that the equation Jx = (x 

has a non-zero solution x E V ® C, the complexification of V. If x is an eigenvector of J 

with eigenvalue ( then 

It follows that ~ = ±i. Since the eigenvalues occur in complex conjugate pairs, it also 

follows that V must be of even dimension. 

If V* is the dual space of V we consider V* ® C, the space of all complex valued, R

linear functionals over V. An element f E V* ® C is said to be of type (1, 0) if f (Jx) = 
if(x), x EV and is said to be of type (0, 1) if f(Jx) = -if(x), x EV. 

Let v1, v2 be an oriented orthonormal frame on 8 2 and define the complex structure 

J: T82 -+ T82 by 

An anticlockwise rotation through an angle A is then embodied in the mapping exp(>.J). 

We may also consider the action of J on T* S2 determined by the adjoint of the action on 

T 8 2
• That is to say that 

If o-1, a2 is the coframe dual to v1 , v2 then the action of J is given by 

so that J = -*, where * : T* 8 2 -+ T* 8 2 is the Hodge duality operator. 

Defining 0 E T* 8 2 ® C by 

0 = ~(a1 + ia2
) 

it is easy to see that 0 is of type (1, 0), since if v = av1 + bv2 then 
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0(av2 - bv1) 

~(a-1 + ia-2)(av2 - bv1) 

~(a+ ib) 

- i0(v). 

It follows by a similar calculation that 0 = ~(a-1 
- ic;2

) is of type (0, 1). 

The complex covectors of type (1, 0) form a complex line bundle 

.c = T*c1,o) 82, 

the +i eigenspace of J acting on T* S2 ® C. The complex covectors of type (0, 1) also 

form a complex line bundle denoted as 

1:,-1 = T*(o,1) 82, 

the -i eigenspace of J acting on T* 8 2 0 C. 

Complex line bundles over 8 2 are of the form .cs, for some integer s where .cs = £, 0 £, 0 

• • • 0 £, for s > 0 and .cs = .c-1 0 .c-r 0 · · · 0 .c-1 for s < 0. Sections of the bundle .cs 
are said to have spin weight s or equivalently are termed spin-s sections. The complex 

covector 0 forms a local basis for £, which induces the local bases 08 for .cs, s 2: 0 and i]s 
for .cs, s < 0. 

Complex linearly extending both the dual pairing and the metric, the complex vector 

m = 1(v1 - iv2) 

will be dual to 0 and metric dual to 0. It follows that m is a local basis for the complexified 

tangent space T(i,o)52 , defined as the +i eigenspace of J acting on T82 @C. Metric duality 

then identifies m ~ 0 and determines a complex linear isomorphism T*(o,i) 8 2 ~ T(i,o) 8 2 . 

Under the frame rotation exp >.J the complex basis vector and covector transform as 

A general one-form b = b1c;1 + b2 a-2 may be decomposed as 

b ~(b1 - ib2)0 + ~(b1 + ib2)0 

/30 + /30 
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where (3 = 72 (b1 -ib2) = b(m). It is easy to check that under the frame rotation exp(,\J), 

(3 transforms as 

It follows that the transformation rule for the coefficient of a general spin-s field A = a.08 

is given by 

which justifies the terminology 'spin-s'. 

A vector c = c1v1 + c2v2 may be decomposed in a similar manner as 

C = -'ym + "(in 

where 'Y = 72 (c1 - ic2) = iJ(c) transforms as 

'Y therefore represents a spin-1 field (a section of£). 

(2.30) 

If 0s is understood then we will use 'Y to denote both the section of the line bundle A = "(0 5 

and its coefficient with respect to 0s. 

If u is a spin-0 field (a scalar) then we may decompose the one-form du as 

du= Dmu0 + Dmu0 (2.31) 

where Dm = ~(8v1 - iov2 ) and Dm = 1(ov1 + iav2 ) so that Dmu = du(m) and Dmu = 
du(m). 

We introduce the notation1 ou = Dmu 0. As mentioned already, we will also use ou to 

denote the coefficient Dmu. 8u is then the obvious notation for Dmu 0 and/or Dmu. 

More generally we define the operator a : £ 5 --+ cs+i, s E Z ( also using £, to denote the 

space of sections of the line bundle .C) on a section F = </> 05 by 

VF= aF + 8F = o<jJ08+1 + 3¢08
-

1 (2.32) 

where v7 is the covariant derivative on S2
• Alternatively we have 

oF 1(V1 - iv'2)F ® 0 

aF 1(V1 + iv'2)F@O 

1o is a phonetic symbol pronounced 'edth' . 
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The covariant directional derivative may be expressed in terms of o by 

where /3 is the spin-1 equivalent of the vector field b. 

Invoking the _structure equations on 82 it is possible to show that 

ocp Dm¢+srcp 

6¢ - Dm<P- src/> 

(2.33) 

(2.34) 

(2.35) 

where s is the spin weight of cp and r is the 82 connection coefficient. For the standard 

orthonormal basis { 8u, csc {}[)'P} the connection coefficient r = - 1 cot {} gives 

1 ( OiJ - i csc fJocp - s cot '13) ¢ 

1 ( OiJ + i csc i98cp + scot '13) ¢ 

(2.36) 

(2.37) 

It is easy to see that both o and fJ are first order elliptic operators; their symbols are 

1(6 ±i6). 

If b = b1v1 + b2v2 is a vector field and /3 = 1(b1 
- ib2) is its spin-1 equivalent, then 

oi3 = ½(div/3 + icurl/3) 

where we have defined 

div,B - o,B + fJ,B = v'1b1 + V2b2 

curl,B -i(o,B - 6,B) = v'1b2 - v'2b1 

(2.38) 

(2.39) 

The Ricci identity for the commutator of covariant derivatives also has its counterpart in 

terms of o, 
(2.40) 

where s is the spin wieght of cp. The formula may be proven by direct ·calculation from 

(2.34) and (2.35). A similar calculation shows that if u is spin-0 then 

By extension, the Laplacian for general spin-s fields is defined as 

(2.41) 
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The following identities follow from the definitions and the Ricci identity (2.40): 

[13, on] ½n(n + 2s - l)on-i (2.42) 

[o, an] ½n(n - 2s - l)an-i (2.43) 

[on-s' an+s] 0 
' n~s (2.44) 

[~, on] n(n + 2s)o (2.45) 

[~, an] - n(n - 2s)a (2.46) 

We will make use of the following Hermitian inner product on S2 

(2.47) 

where J20. = sin ,iJ d'8 dcp. 

If we let {Yim: l EN, m E [-l, l]z} denote some complete orthonormal basis of L 2 (S2 , C) 

consisting of eigenfunctions of ~ 

~Yim= -l(l + l)Yim 

then it follows that {o5Yim : s:::; l, 1ml :::; l} and {asYim : s :::; l, 1ml :::; l} form complete 

bases of £ 2 (£-8), s ~ 0 and £ 2(£,-s), s > 0 respectively; £ 2(£5
) being the space of square 

integrable sections of the bundles t:,s . . 

Rescaling these basis sections we define the spin weighted spherical harmonics (s > 0) 

Yim
s = --/2 ~y;s-1 y;o y, 

V l , lm = lm• 
✓(l+s)(l-s+l) m 

(2.48) 

The spin weighted spherical harmonics are defined for l = s, s + 1, .. . , m E [-Z, l]z, are 

eigenfunctions of ~ 

and are orthonormal with respect to (2.47). 

Stokes' Theorem may be expressed as 

This implies the useful integration by parts formula 

1 <I? ow d2n = - 1 o<I? w d2n Js2 Js2 
for any (sufficiently smooth) cJ? E £ 5

, w E t:,-s-l . 
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If T/ is an irreducible tensor on S2 then TJ is traceless and totally symmetric. It follows that 

TJ can only have two independent components which may be combined to form a complex 

quantity 

'f/ 

It is easy to check that r, transforms as TJ1 = eis>..TJ so that TJ has spin weight s. Hence, 

irreducible tensors of rank-s coincide with sections of .C,8. For example, if b - b1v1 + b2v2 

is a vector field and /3 = Jz(b1 - ib2 ) its spin-1 equivalent then 0/3 is the spin-2 equivalent 

of the irreducible rank-2 tensor ~j = b(ili) - ½<livb 9ii· 

The o operator can be used to express certain systems of first order equations more 

concisely. Suppose 'f/ is a symmetric, traceless 2-tensor, g is a vector field and consider 

the system of equations given by 

2 

L'7B'f/1B 91 (2.52) 
B==l 

2 

L '7BTJ2B - 92 (2.53) 
B==l 

Simply by substracting i(2.53) from (2.52) we find that the system amounts to 

(2.54) 

An equation of this form will feature in the later pages of this thesis. We therefore present 

the following results concerning o and 8, cf. [PR]. 

Lemma 2.3.1 Supposes 2: L The following mappings are surjective 

0 : .c,s-1 -+ .c,s, 

8 : .c,1-s -+ .c,-s 
(2.55) 

(2.56) 

Proof: Suppose (2.55)were not surjective. Considering the Hilbert space structure of 

.c,s inherited from (2.47) we may infer the existence of a nonzero element a E o(.C,8
-

1)J_. 

Note also that since o is elliptic, o(cs-l) is closed. This implies that (of, a) 82 = 0 for all 

f E .c,s-l. Hence 
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for arbitrary f E cs-1 and so 8a = 0 in the weak sense, since at the -moment we only 

have that a E L2 (C). However, by applying standard linear elliptic regularity theory we 

may infer that a is sufficiently differentiable and that 8a = 0 in the strong sense also. 

Using (2.42) with n = 1 we find that 

Thus, since s 2:: 1 we conclude that a= 0. This gives the desired result concerning the 

surjectivity of a. 

A similar argument establishes the surjectivity of 5 on negative spin sections. ■ 

Unfortunately a is not so nicely behaved when acting on positive spin sections. 

Lemma 2.3.2 Supposes 2:: 0. The mapping 8 : .cs+l -+ .cs has cokernel C = span{~~} . 

Proof: Consider the equation 817 = g, where 17 = 171m'Yi:;1 and g = g1mYi:n- For conve-

nience set 
l -v'2 

as = J (l + s)(l - s + 1)' 

so that after observing (2.48) we have 

1 I ! ( A ~y;s-1 + ;?:Sy;s-1) 2asas+l UV lm Su lm 

- ½a~a~+l (oL).Yz~1 + (3s - l)aYi~1
) 

- ½a~a~+i ([(s - 1)2 
- l(l + l)]oYz~1 + (3s - l)oYz~1

) 

- ½a~a~+l [s(s + 1) - l(l + 1)] Yi:n, 

where we have used (2.40) and (2.41), (2.45) and (2.49), in turn, respectively. 

It follows that ~~1 E ker 8 and that 

range (8 : _cs+1 -+ t:,5
) = span{Yz:n : l > s }. 
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That is to say that coker 6 = span {Y8~}. • 
An obvious corollary to this result is the following. 

Corollary 2.3.3 Suppose s ~ 0. The mapping 6 : _cs+l -+ span {Yi:n : l ~ s + l} is a 

surjection. 

Proof: As a consequence of the calculation in the last proof, if g is devoid of l = s 

spherical harmonic components, then 'T/ = 171mYi:;t1 with 

2 Im l l 
lm g asas+l 

'T/ = s(s + 1) - l(l + 1)' 
l~s+l 

is the solution of 6f/ = g. • 
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Chapter 3 

Linear Parabolic Equations 

Sobolev Spaces. 

• 
Ill 

In this chapter we derive the theory for linear parabolic equations over the sphere in a 

Sobolev space setting. More precisely, we aim to prove existence and uniqueness results 

for linear parabolic equations of the form 

8tu + Atu - g on 82 x [O, oo) 

u uo on 8 2 x {O}. (3.1) 

As part of the treatment we will consider the coefficients of the operator At as measurable 

functions over 82 x [O, oo) satisfying the weakest possible regularity conditions producing 

a solution of prescribed regularity. Our main goal here is to obtain a theory conducive 

to the study of quasilinear parabolic equations in which the Sobolev regularity of the 

coefficients is comparable to that of the solution. Such a theory will be crucial in the 

next chapter when we use an iterative system of equations to gain local existence and 

uniqueness results for the QSECS. 

Linear parabolic equations on manifolds in the Sobolev space setting receive surprisingly 

little attention in the existing literature, and the treatments that do exist are either fl.awed 

or are not general enough to allow us to apply the linear theory to quasilinear problems. 

Friedman [Fr] describes an abstract approach to parabolic equations based on a variant 

of the Lax-Milgram Lemma, develop~ng ideas originally due to J.L. Lions [L57] and F. 

Treves [T59]. 

However, as pointed out by Polden [P], Friedman's account of the result is inaccurate. 

He proves the existence of a time-Hk solution to the linear equation, with zero intial 
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conditions, under the assumption that g, along with all its derivatives up to order k - l, 

vanish at time zero. This in itself is not an error but it does greatly limit the usefulness of 

the Theorem. Moreover, as most parabolic equations may be interpreted as the governing 

equation of some physical system, Friedman's assumption is equivalent to assuming that 

there are no external forces at time zero. The assumption is therefore limiting in the 

physical sense also. We note here in passing that it may be possible to apply Duhamel's 

principle to fix this problem; this is not the approach we will take here though. 

The assumption also has bearing on what may be considered as appropriate initial data. 

Friedman goes on to claim in a remark that one may freely prescribe the initial values u0 

by considering the equation for u - u0 • But this gives an equation with non-zero forcing 

term; the Theorem, as stated by Friedman, no longer applies. 

This problem is corrected by_ Polden [P], but Polden's treatment only addresses the case 

where the elliptic operator At has coefficients belonging to the class of smooth functions. 

This again is not an error, merely a restriction of the validity of the results obtained. 

The restricted validity of Polden's results are shown up, however, when he goes on to 

obtain existence results for quasilinear parabolic equations. He mistakenly assumes that 

solutions of the so-called frozen linear problem approach those of the quasilinear problem 

in the sense of Sobolev norms, when the closeness is only in the pointwise sense. The 

problem can be remedied, but only by relinquishing the smoothness assumption about 

the coefficients of At. 

The treatment that follows is largely based on the ideas of Polden, which are generalised 

to include the possibility of non-smooth coefficients. We end the chapter with a corrected 

proof of [P, Theorem 2.4.1], for the case of second order parabolic equations on the sphere. 

The result has also been shown to hold for general closed two dimensional manifolds [S01], 

and it is believed that the result as stated in [P, Theorem 2.4.1] (for parabolic equations 

of order 2p on a closed n-dimensional manifold) can also be proved using ideas similar to 

those detailed in this chapter. 

3 .1 Definitions and Notation. 

We let At be a linear differentiable operator of second order on 8 2
, which is expressible 

in divergence form. That is, for a twice differentiable function u : 8 2 x [O, oo) -t JR, we 

may write Atu in local coordinates as 
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To ensure that (3.1) is a parabolic equation we assume that the operator At is an elliptic 

operator for each value oft, in the sense that for each e E T 8 2
, and each fixed t E [O, oo) 

we have 

(3.3) 

for a.e. x E 8 2 , where 0 > 0 is a constant and where g is the standard 8 2-metric. 

Utilising the divergence form of the operator and integration by parts, we also introduce 

the bilinear form associated with At (which we denote by At) defined on H 1(82
) 

f Atuvd2
0. 

f -V i(aii'\\u) v + biViu v + cu v d20. 

f a(Vu, Vv) + b • Vuv + cuvd20., (3.4) 

where we use Vu to denote the gradient of u. Our plan is to recast (3.1) in a Hilbert 

space setting and use a variant of the Lax-Milgram lemma to gain weak existence. To 

this end we define the following weighted inner products. Let f, g : 82 x [O, oo) --t JR be 

smooth functions and let 

100 

e-2
vt U(·, t), g(·, t)) HB(S2) dt 

(J, g) LHl + (8d, 8tg) £HO. 
V V 

(3.5) 

(3.6) 

We define LHi and H Hv to be the Hilbert spaces formed by completion of 0 00 (82 x [O, oo)) 

in the corresponding norms. Furthermore, we let <I> = C':(82 x [O, oo)) be the space of 

smooth functions which vanish for very large times, and let H H; denote the completion 

of <I> in HHv. 

Lemma 3.1.1 H Hv = H H;. 

Proof: Clearly H H; C H Hv so we need only show the opposite inclusion. Take f E H Hv 

and define the smooth cut-off function 

xr(t) = { 
1, 

0, 

t <T, 
t > 2T, 

which satisfies the gradient bound 

2 
sup )8txrl :::: r· 

tE(T,2T) 
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Then XT! E HH; for each T > 0. Recalling (3.6), we have 

Treating these terms individually we find that 

llxTf - JlliHb fo00 

e-211tlXT - 11 2 llfllt-1(s2)dt 

< £2T e-211tllf llt-1cs2)dt 

---+ 0 as T ---+ oo 

since f E HH11 , and that 

IIBt(XTf - f)lliH8 < 2 fo00 

e-2vt f l(xr - 1)8tfl2 + IBtXT 112 d20dt 

< 2 £2

T e-211tll8tflli2 (s2)dt +: llflliH~ 

---+ 0 as T ---+ oo. 

Therefore llxr f- f IIHHv ---+ 0 as T---+ oo, which is to say that f is the limit of the sequence 

{XT f }r=I in the complete space H H;. It follows that f E H H;. ■ 

We now define a weak solution of (3.1) as a function u E HH11 which satisfies 

(OtU, c/>hHo + f
00 

e-211tAt(u, c/>)dt = (g, ¢)£HD, 
v Jo v 

(3.7) 

for all </J E HH11 , and u(x, 0) = u0 (x). We note that since u E HH11 , u(x, 0) makes sense 

as an element of L2 ( S 2). 

When we come to consider the higher regularity of solutions of (3.7) we will make use of 

the following Hilbert space 

p;: = { f : s2 
X [O, 00) --+ JR : 11au IILH~(m-i) < oo, Vi ::;; m} (3.8) 

and its associated inner product 

(!, g) P[J' = ~ < oif, Oi 9} LH~(m-i) · (3.9) 
i$m 

Roughly speaking, a parabolic equation tells us that one time derivative is equivalent 

to two space derivatives. Hence, in a sense, the Hilbert space P;: describes the set of 

functions that are in total 2m times differentiable. We also make the following definition 

in order to classify functions that have odd total derivative. 

p;:+½ = {1: S 2 
X [O,oo) ~JR: 11au11LH~(m-i)+1 < oo, Vi::;; m} (3.10) 
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and its associated inner product 

(f,g)p;:-+l/2 = L (au,a;g)LH;<m-i)+l. (3.11) 
i:'.Sm 

We note that PJ = LH2 and P:J2 = LH;. 

3.2 Weak Existence. 

We begin by establishing a coercivity result for the operator At, The result (Garding's in

equality) is well known and applies in a much more general context than will be addressed 

here. Our main concern here is to study the effect that the regularity of the coefficients 

of the operator At has on the result. 

Lemma 3.2.1 Let u(•, t) E H 1(S2) and suppose the coefficients of the operator At satisfy 

ij(·, t)elj > 01e12
, ve E rs2 

bt, t) E L2+E(S2) 

c(•, t) E Ll+\S2
) 

for each t E [O, oo) and for some E > 0, then 

At(u, u) > ;Jiu(·, t)Jl;fl(s2) - ,Jiu(•, t) lli2cs2), 

for each t E [O, oo). Explicitly, 1 is given by 

'Y - 0(,: 4) ( 0' ( :: 4i) ! llblli>+•(S') + , : 2 ( 0'( :: 2i) ¾ llclli,+•(S') +0, 

where (5 = 4 ( Csllblli2+•(S2) + 0c;11clli1+•(S2)). 

(3.12) 

Proof: Let us first fix at E [O, oo). By virtue of the ellipticity condition (3.3), we have 

0 f Jv'uJ 2 d2D. < f a(v'u, Vu) d20 

< At(u, u) + f lbl lv'ul Jul+ Jcl Jul 2 d20 

< At(u, u) + f 4~
1 

JbJ 2 Jul2 + 61Jv'ul2 + Jcl Jul2 d2D. 
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< At(u, u) + 
4
~

1 
llblli2+•cs2) llulli,2+4/•(s2) + !lcllv+•(S2) llul!l2+21,cs2) 

+61 IIVulli2cs2i 

< At(u, u) + 
4

~1 llblli2+•cs2) ( 62llulliHs1,cs2) + C1 (E, 62) l!ulli2cs2i) 

+61 I/Vulli2cs2) + 1/cllv+•(S2) ( b"2·Jlullr4+4/•(S2) + C2 ( E, c52) llulli2cs2)) 

< At( u, u) + ( ~t2 llblli2+•cs2i + 61 + 62C~ llcllii+•cs2i) llu!J~1cs2i 

+ ( 01i~/2) llblJi2+,cs2) + C2( E, 62) l!cllii+•cs2i) llulli2cs2i, 

where we have used Cauchy's inequality, the Holder inequality, the interpolation inequality 

and the Sobolev inequality in turn, respectively. The constants C1(E, 62) and C2(E, 62), 

which arise after application of the interpolation inequality, may be calculated explicitly 

to be 

Thus choosing 

and 

so that 

we find 

and 
2 

( ) 
- E (8(Csllblli2+•(S2) + 0c;11c1111+•(s2))) < 

C2E,62 -E+2 02(€+2) 

Adding 0!!ulli2cs2) to both sides of the inequality, we obtain (3.12). ■ 

We note here in passing that u is a solution of (3.1) if and only if u = u e-Mt is a solution 

of 

Hence if we choose M = "I, the weight given to the £ 2 norm in (3.12), we see that 
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and so it is enough to solve equations in which the operator At is strictly coercive. We 

will assume this to be the case from here on. 

To confirm the existence of a solution of (3. 7) we will use the following variant of the Lax

Milgram Lemma. Unlike the usual Lax-Milgram Lemma, which concerns bicontinuous, 

bilinear functionals operating on H x H, for some Hilbert space H, the following result 

deals with bilinear functionals acting on H x <I>, where <I> is an inner product space, 

continuously embedded in H. We do not assume that <I> is complete, or even that <I> 

is dense in H. We also relax one of the continuity assumptions on the bilinear form. 

Surprisingly the result goes through with almost the same conclusion! Relinquishing the 

density of <I> in H does come with a cost, however; the element of H, whose existence is 

infered by the Lemma, need not be unique. 

Lemma 3.2.2 Let (H, 11 · IIH) be a Hilbert space and (<I> , II· /1{1) be an inner-product space 

continuously embedded in H. Let F : H x <I> --+ R be a bilinear form satisfying the 

following properties 

(i) the mapping ht-+ F(h, <p) is continuous on H for each fixed <p E <I>, and 

(ii) F is coercive on <I>: F(<p, <p) ~ Al/'PII~, for some A> 0. 

Then if L E <I>* is a continuous functional, there exists UL E H such that L( <p) = F( uL, <p) 

for each <p E <I>. If, in addition, <I> is dense in H then UL E H is unique. 

The basic result is given in [Fr, Chapter 10, Theorem 16]. The question of uniqueness 

is not addressed there however, so for the sake of completeness we give the proof here, 

expounding some of the details. As one might guess, the proof basically relies on the 

Riesz Representation Theorem. 

Proof: For any <p E <I> the mapping ht-+ F(h, cp) is bounded and linear and is therefore 

an element of H*. By the Riesz Representation Theorem, there is a unique zcp E H such 

that 

Since we may uniquely derive such a Zcp E H for each fixed cp E <I>, we can define a 

mapping K: <I> ➔ H such that K<p = zcp, and so F(h, <p) = (h, Kcp)H- Note also that the 

bilinearity of F means that K must be a linear map. 

If K<p = 0 then, 
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using the coercivity of Fon <P. This implies that <p = 0 and hence that the mapping K is 

injective. The inverse Ro of K is then defined on K<P and has range cp_ Setting Kcp = a, 

so that cp = Roa, we have 

where the last inequality follows from the fact that <P is continuously embedded in H . 

Cancellation then gives 
C 

IIRoall\l> ~ ~llallH, 
and so Ro is a continuous, linear mapping from K <P onto cp. 

Now if h E K <P, the closure of K <P ( with respect to the topology derived from the norm 

on H), then there is a sequence {hn} in K<P such that hn--+ h (with respect to 11 · IIH) but 

since Ro is continuous and linear, this implies that the sequence {Rohn} in <P is Cauchy 

and so there is a y E ~' the completion of cp (under the norm on cp) such that Rohn ➔ y . 
.,,._ 

Hence defining Roh = y we may extend Ro to the continuous linear operator 

The given functional L : <P ➔ R may also be extended into a continuous linear functional 

on ~' and so again by the Riesz Representation Theorem, there is a unique EL E <I> such 

that L( cp) = (fr, cp) q> for all ¢ E <I>. 

Since F(h, cp) = (h, Kcp)H, showing there exists a UL EH such that L(cp) = F(uL, cp) for 

each <p E <Pis equivalent to showing there exists a uL EH such that (EL, cp)q, = (uL, Kcp)H 

for all cp E <P, that is, 

It remains to show there is such a uL. 

Let P: H--+ K<P be the projection onto K<P. Then R = Ro o P: H ➔ <I> is a continuous, 

linear operator. Its adjoint R* : <I> --+ H, defined by ({j5, RJ);p = (R*{j5, f)H, for all 

(p E <I>, f EH is also a continuous linear operator. If a E Kcp then Roa= Ra and so 

for all a E K<P. Hence uL - R*fr is the sought after element of H. 

To prove the last part of the theorem we consider the mapping h i-t F ( h, <p) = ( h, K cp) H. 
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Suppose (h, K<p)H = 0 for all <p E cl>. This is equivalent to supposing that (h,z)H = 0 for 

all z E Kif!, which implies that h E Kif!.1.. If cl> is dense in H, however, then Kif!.1. = {O} 

which is to say that the mapping hr--+ F(h, <p) has trivial kernel. Hence UL is unique. ■ 

We now proceed to establish the existence of weak solutions of (3.1). We begin by gaining 

an existence result for zero initial data; existence in the case of more general initial data 

will then follow as an easy corollary. 

Theorem 3.2.3 Let At be a strictly coercive operator, elliptic in the sense that (3.3} is 

satisfied for each t E [O, oo) and with coefficients satisfying aii = aii and a, b, c, Ota E 

L00 (S2 x [O, oo)). Also let 

1 
Vo= 0 (ll8talloo + max (1/blloo, liclloo), 2 max (llblloo, 1/clloo)). (3.13) 

If g E LH2 then the equation 

atu + AtU = g, u(x, 0) = 0, 

has a unique weak solution in H H 11 , provided v > v0 • 

Proof: Let cl>= C'g°(M2 x [O, oo)). We define a bilinear form F, on HH11 x <I> as 

F(w, ¢) = (8tW,8t<!>hHo + 100 

e-2vtAt(w, at¢) dt, 
V 0 

and the linear functional L E cl>* by 

(3.14) 

(3.15) 

(3.16) 

If we fix ¢ E cl> then it easily verified that the bilinear form F is continuous in w with 

respect to the H H11 norm, provided the coefficients of the operator At are bounded over 

M 2 x [O, oo). It is also a trivial matter to check that L too is continuous with respect to 

this norm, given that g E LH2. To establish the coercivity of the bilinear form F, we let 

¢ E <I>; then 

F(</J, ¢) = ll8t<Plli.HS + 100 

e-2vtAt(</>, Ot<P) dt. 

Let I denote the second term on the right. Explicitly in terms of cooordinates, this term 

is 

I = 100 

e-2vt f aii"i;;\¢ "v jOt<P + bi"v i<P 8t</J + c <P 8t</J d20.dt. 

If we then let 11 denote the first term and 12 denote the remaining lower order terms, we 

easily see that 
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Similarly, with the proviso that a(·,•) is a symmetric bilinear form, partial integration in 

time shows that: 

Ji - 100 

e-zvt (v a(\lcp, \/¢) - ½ 8ta(\lcp, \/¢)) dt 

> ( 
11
: - i ll8talloo) IJc/>lliHl · 

Combining these two estimates we obtain 

I 2'. ( 
11
: - ~ ll8taJloo - ~ ma:x (llblloo, IJclloo)) 11</>IJiH~ - ma:x (llblloo, JlclJoo) ll8tcf>lliH~· 

Hence if we choose v so that 

1 
v > 0 (ll8talloo + ma:x (llblloo, llclloo) , 2 max (llblloo, llclloo)), 

we can ensure that F is strictly coercive on <l> x <l> with respect to the H Hv norm. 

Thus by Lemma 3.2.2, since <l> is dense in H Hv, there is a unique UL E H Hv for which 

F(uL, ¢) = L(</>) for all¢ E <P. 

We are now almost at liberty to proclaim the existence of a solution of (3.7). The fact that 

stops us doing so is that we have thus far only tested (3.1) against functions whose average 

over time is zero, that is, functions which can be expressed as a time derivative of some 

other function. Thus we still have the possibility that the UL provided by Lemma 3.2.2 

above, differs from a solution to (3. 7) by a time constant function. 

In fact, this problem does not arise because of the weighting given to the measure. Fix 

some 'l/J E <l>, let 

{ 
0, 0::; t < B 

'l/JB(x, t) = 'l/J(x, t - B), t 2'. B 

and consider the function 

W(x, t) = 'l/J(x, t) - '1/JB(X, t), 

where we have assumed that B · is large enough so that the support of the second term 

does not overlap with that of the first. This function averages over time to zero, and so 

it can be represented as, 8t<f> for some ¢ E <l>. Hence 

(8tUL, WhHo + f
00 

e-2vt At(UL, w) dt = (g, WhHo 
v Jo v 

holds for any sufficiently large choice of B and therefore in the limit as B -+ oo. We have 

J~ (1B e-Zvt ((8tUL,'l/Jh2(M2) +At(UL,'l/J)- (g,'l/J)L2(M2)) dt) 

= lim ( r:JO e-Zvt ((atUL, 'l/JB)L2(M2) + At(UL, 'l/JB) - (g, '1fJBh2(M2)) dt) • 
B➔oo }B , 
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Due to the weighting given to the measure, however, the right hand side of the above 

equation is zero. Taking the limit on the left we have 

(f1tuL, 'lj;hHo + f
00 

e-211tAt(uL, '¢) dt = (g, 'lj;)LHO, 
v Jo v 

for any'¢ E 4>, and hence by completion any 'lj; E HH11 • That is to say, UL is the unique 

weak solution of (3.14). ■ 

It is now a simple matter to obtain an existence and uniqueness result for more general 

initial data. 

Corollary 3.2.4 Suppose the hypotheses of Theorem 3.2.3 are satisfied. Suppose further 

that Uo E H 2 ( S2). The equation 

Btu+ Atu = g ; u(x, 0) = uo(x) 

has a unique weak solution in H H 11 , provided v is sufficiently large. 

Proof: We begin by defining the smooth cut-off function 

t _ { 1, t :ST, 
XT( ) - 0, t 2: 2T. 

Let v = u - XT(t)u0 and consider the equation 

Btv + Atv = g - At(XT(t)uo), v(x, 0) = 0. 

(3.17) 

(3.18) 

Since u0 E H 2 (S2
) we have g - At(XT(t)u0 ) E LH2, and so Theorem 3.2.3 implies that, 

for sufficiently large v, there is a unique v E HH11 satisfying (3.18), which in turn implies 

that there is a unique u E HH11 satisfying (3.17). ■ 

This last result is less than optimal. The natural class for initial data for such problems is 

H 1 (S2), not H 2 (S2
). This problem will correct itself, however, when we come to consider 

a priori estimates for the solution obtained in the previous result. 

3.3 A Priori Estimates for Linear Parabolic Equa

tions. 

In this section we concern ourselves with the question of regularity of the solutions ob

tained in the previous section. Our main aim is to obtain an estimate for the P;i-norm 
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of the solution u in terms of P:-norms of the coefficients of the operator At, with k < m. 

Such an estimate will be needed when -we come to consider the iterative procedures used 

to prove the local existence and uniqueness of solutions to the QSECS in the next chapter. 

Our starting point for the derivation of a priori estimates is to suppose that u E H H11 , for 

some v chosen large enough to justify the existence of u, and solves equation (3. 7) for any 

smooth, compactly supported ¢>, and hence by completion for any¢> in the broader class 

LHi. We suppose also that u has initial values u0 which are taken on only in L2 (S2 ). 

Before deriving the a priori estimates we will first prove a small technical lemma which 

will be used extensively in the work to come. 

Lemma 3.3.1 Any J E HH11 , with initial value Jo E L2 (S2), satisfies the identity 

Proof: The result is simply integration by parts in time. We have 

(8d, J)LHO 
V 

The result follows easily. 

100 e-211t f 8tf f d2r2dt 

- { f 8t( e-211t f) f d2D.dt + f f2e-211t 1: d20, 
lro,oo) 

2vllflliH8 - (8d, f)LH8 - llfolli2(s2) • 

(3.19) 

■ 

Next we have the P;1-version of the usual energy estimate for parabolic equations. We 

note that similar estimates can be obtained which control llu(•, t) IIL2(s2), but we do not 

prove this explicitly. 

Lemma 3.3.2 There is a v > ½ such that any solution u E H H11 of (3. 7) satisfies the 

estimate 

llulliHb ~ C (lluolli2(s2) + ll9III-H8) • 

Explicitly, the constant O ~ 1/0. 

Proof: Choosing u itself as the test function in (3.7), we find 

(Btu, uhHo + f
00 

e-2vt At( u, u)dt = (g, u) LHO . " lo ,, 
Thus combining Lemmas 3.2.1 , 3.3.1 and Young's inequality we find that 

011 112 ( i) I 2 1 2 1 2 
2 u LHb + v - "I - 2 I ullLH8 ~ 2lluollL2(S2) + 2119IILH8· 
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Hence choosing v > 'Y + ½, or simply v > ½ in the strictly coercive case, we obtain the 

result. ■ 

To prove that u has derivatives of higher order, we obtain estimates for its difference 

quotients. The definition of difference quotient requires a continuous coordinate patch, 

which is something we don't have on 82
• We thus work on a single coordinate patch at a 

time, multiplying u with a cut-off function over 82 • 

Lemma 3.3.3 Let u E HH11 be a solution of (3. 7) with initial values u0 E H 1(82
) . Then 

u E LH';; with the estimate 

(3.21) 

Proof: Let B; denote the ball of radius r, centre zero, in R2
• Let 'lj;i : Bf ---+ S 2 , i = 1, 2 

be a collection of smooth coordinate patches, so chosen that the images 'lj;i(Bf12) taken 

together cover all of 82. Let 'T/ be a smooth cut-off function over R2 satisfying 

X - { 1 XE Bf12 
'TJ( ) - 0 X E lR2 \B2 

3/4 

Let Ci be the image 'lj;i(Br) in 82 and let C: denote the image of Bf12 . 

Now set¢>= ,6._h(rJ4.6.hu) in Ci, where 'T/ and the finite difference operator 

are lifted to 82 using the coordinate map 'lj;i. Outside Ci we simply extend ¢ to be zero. 

Substituting for¢ in (3.7), we have: 

(atu, ,6._h(rJ4.6..hu))LH0 + 100 

e-211tAt(u, ,6._h(174.6..hu)) dt = (g, ,6._h('T/4.6..hu))LHD 
V Q V 

and so, shifting the difference operator in the highest order term using the discrete ana

logue of partial integration in space, we have 

where we have set 

E1 - 100 

e-2vt fa*(\! .6..hu, V(rJ4.6.hu)) - bi\!iu,6._h('T/4.6..hu) d20dt (3.23) 

E2 100 

e-2
vt f (.6.ha)(Vu, \!(rJ4.6.hu)) + cu.6.._h(rJ4.6.hu) d2rldt. (3.24) 
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Some explanation may be necessary; the a* ( ·, ·) term arises through an application of the 

discretised product rule which reads 

The term in question then refers to the operator a(•,•), but with the spatial argument of 

aij (x, t) shifted. That is to say, ai_,/ (x, t) = aij (x + hej, t). We note here that this will have 

no bearing on the result we are to obtain as we will only consider pointwise properties of 

aij and/or af The (Aha)(·,·) term arises via the discretised product rule also. It refers 

to the bilinear form obtained from applying the difference operator to the coeffeicients of 

a(·,•), that is, 

Focusing on E2 firstly, we have: 

IE2I < 100 

e-2
vt f l(Ahaij)'\\u Vj(1J4Ahu)/ + lcuA_h(1J4Ahu)I d20.dt 

< C17 Ii Aha/Joo 100 

e-2
vt ( cllrJ2V Ahulli2(s2) + C(¼ )JJVulli2(s2)) dt 

+C11 /Jclloo 100 

e-2
vt ( cll7J2V Ahulli2(s2) + C( ¼) llullt1(s2)) dt 

< C(IIAhalloo, llclloo) 1iu/liH1 + el/VAhulliHo, 
V V 

where we have used Young's inequality and Lemma 2.1.9. 

Next considering E1 , using the ellipticity of At and Young's inequality, we find: 

E2 = 1:-2
vt f a*(1J2VAhu, 1]

2\7 Ahu)+a~ViAhu 41J3VjTJAhu-bi'ViuA_h(TJ4Ahu)d2rut 

> (0 - 8)JITJ2VAhuJJiHB - 8IIV(TJ4Ahu)lliH8 - C(/lalloo, /lblloo)/1Vu/11H8 
> (0 - 28) I/TJ

2V Ahu/liHo - C(l/alloo, lib/Joo) /lu/liH1 
V V 

> ;/l772VAhuJ/iH8 - C(/la//oo, llb/loo)/lul/iHb, 

where we have chosen 8 so that 0 - 28 ~ 0 /2. We thus have the two inequalities 

E1 > ;/ITJ
2
VAhulliH8 - C/lu/liHi 

JE2/ < c/l772VAhuJliHo + CllulliH1, 
V V 

(3.25) 

(3.26) 

with the constants depending only on the L00 norms of the coefficients of At and Aha. 

With these inequalities we have the terms in (3.22) involving At under control. As for 

the remaining terms, we can handle the first term on the left of (3.22) with Lemma 3.3.1, 

VIZ, 

(3.27) 
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while the forcing term on the right is easily estimated using the Cauchy-Schwartz and 

Young's inequalities as follows 

Combining (3.25),(3.26),(3.27) and (3.28), we have 

(;- E-6)Jlr/v'~hull1H~::; C (i1112~huoll12cs2) + llulllHJ + JlglliH~), 

with the constant C depending only the quantities llalloo, llblloo, llclloo and ll~halloo• Thus 

choosing E and (5 so that the term on the left is positive, invoking lemma 3.3.2 and recalling 

the hypothesis that u0 E H 1 (S2), we have 

We thus have uniform H 1-bounds in h for all the difference quotients of first order in the 

ball c;, which therefore, according to Lemma 2.1.10, converge weakly to bona fide weak 

derivatives satisfying the estimate 

Summing over all coordinate charts we obtain (3.21), the desired result. ■ 

Lemma 3:3.3 tells us that the weak solution given to us by Theorem 3.2.3 is in fact a 

solution in the classical sense, given that the coefficients of At satisfy the appropriate 

boundedness conditions. We are now in such a position that we may dispense with the 

integral representation of At and instead simply write 

Moreover, we now have an estimate for the time derivative of u since we may write 

8tu = g - Atu E LH2. Putting this into a more concise form,. we have 

Lemma 3.3.4 If u is a solution of (3. 7), where g E PJ and u0 E H 1 (S2 ), and if v is 

chosen larger than some constant depending only on At, then u E P; and satisfies the 

estimate 

llulliJ ::; Q (iluo\lt-1cs2) + l\glliB) . (3.29) 

The constant Q depends only on the quantities Jlalloo, llblloo, l\clloo and llv'alloo• 
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In the work to come we will find it useful to be able to talk about boundedness in terms 

of the spaces P;:,. Roughly speaking, we may use Sobolev embedding to estimate the 

V"0 norms in terms of L2 norms simply by adding two space derivatives and one time 

derivative, corresponding to the 2 + 1 dimensional setup we are using. This in turn means 

that the L00 norms can be estimated by the P; norms. We have the following result: 

Lemma 3.3.5 For any function f, defined on S 2 x [O, oo), of sufficient regularity, 

(3.30) 

Proof: We prove the result in a similar manner to [F, Lemma 6.5], only here we need to 

accomodate for the fact that we are dealing with two different types of derivative. Let 

x = (c;, t) and y = ((, r) be coordinates on JR2+1 . The Fourier inversion formula gives 

f(x) 

1 1 

< C (ff (1+1(1)-2a(l+lrl)-2bd2(dr) 
2 (ff (l+l(l)2a(l+lrl) 2b lf(y)l2 d2(dr) 

2 

Concentrating on the first term in the product and introducing polar coordinates (r, 0) 

on R2 , we find 

Jf (l + l(l)-2a(l + lrlt2b d2(dr - fj/(1 + r)-2a(l + lrl)-2
b rdrd0dr 

< JI! (1 + r2a + r 2
b)-

1 rdrd0dr 

< ½ !ff (l + sa + T
2
b)-

1 dsd0dr, 

where we have set s = r2
• Focusing on the spatial integral we may for the moment treat 

1 + r 2b as a constant c; we have 

Jf (l + sa + T 2
btl dsd0 ff (c + satl dsd0 

where we have set u = s cl/a. 

- 21r f (c + sa)-1 ds 

21r I l - - 1 sa. ds 
C +-c 
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Hence the spatial part of the integral is finite provided that a > l. Assuming this to be 

the case we have 

where we use M to represent the (finite) spatial integral. The term on the right is finite 

whenever 2b(l - 1/a) > 1. 

We have therefore shown that if a> l, 2b(l - i/a) > 1, then 

In particular, the above inequality holds with a = 3 and b = l, and says that if we have 

one time and three space derivatives of f square integrable then f is bounded. 

Utilising a partition of unity subordinate to the coordinate patches, the result may be 

shown to hold on S2 x [O, oo), where we may interpret the right hand side of the above 

inequality, with a= 3, b = l, as the P:J2 norm off. ■ 

In light of this last result, Lemma 3.3.4 can be interpreted as follows: We can infer the 

existence (and uniqueness) of classical solutions to (3.1), provided that the coefficients 

b and c of the operator At are in the class P; and the coefficient a is in the class P':112 . 

Hence it would seem that to obtain a solution of prescribed regularity we need to have 

coefficients of a higher regularity than that which we desire the solution to possess. This 

fact is highly undesirable. Indeed, to obtain existence results for quasilinear equations 

we will need to derive existence results in which the regularity of the solution exceeds 

that of the coefficients of At. Solution of this problem amounts to obtaining estimates 

of the form (3.29) in which the regularity conditions on the coefficients are optimal. The 

main difficulty in obtaining the appropriate estimates seems to be that there is no known 

analogue of the Sobolev inequality which deals with derivatives with different weights, like 

those encountered in parabolic problems; the Sobolev inequality allows us to infer greater 

integrability of a function provided that we are content to live with higher differentiabiltiy 

conditions on the function ( with respect to the appropriate inner product). Hence when 

dealing with the parabolic Sobolev spaces P'(:, the extra differentiability required by the 

Sobolev inequality is in terms of spacetime derivatives (see Lemma 3.3.5). This is the 

reason for the extra regularity required of the coefficients in Lemma 3.3.4. The other 

alternative is to use the Sobolev inequality with respect to the spatial Sobolev norms, 

II · IIHs(M2)· However in doing this we still need to integrate the resulting expressions over 

time and it then turns out that interpolation is inadequate to gain the desired results. 
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The following Theorem details a way of getting around this problem. However, the 

hypotheses include a statement which amounts to the fact that we need to suppose that 

the initial data is at least of some critical regularity before we expect to obtain existence 

results in which the regularity of the solution exceeds that of the coefficients. The critical 

regularity is a by-product of the fact that we are treating second order parabolic equations 

on a two dimensional manifold. If we were dealing with parabolic equations of order 2p 

on an n-dimensional manifold the value of the critical regularity would need to be revised, 

but the basic approach would remain unchanged. 

Theorem 3.3.6 Suppose m ~ 4½, u0 E H 2m(S2 ) and g E p-::,-½. The solution u of (3. 7) 

belongs to the class p-::,+½ and satisfies the estimate 

(3.31) 

Proof: We begin as we did in the proof of Lemma 3.3.3 defining the appropriate coordi

nate patches and cut-off function. We then let ¢ = ~~h ( rJ4 ~~u) be the appropriate test 

function, lifted accordingly to S2
• 

Substituting this into (3.7) we have 

\8tU, ~~h(174~~u))LH2 + 100 e-2vtAt(U, ~~h(174~~u))dt = (g, ~~h(174~~u))LH8. 

We may use the discrete analogue of partial integration in space to shift difference op

erators onto the coefficients of the operator At- However, in doing this we shift one 

more difference operator onto the leading coefficient a than we do onto the lower order 

coefficients b and c. We end up with the equation 

(3.32) 

which is similar in form to (3.22), but where now we have set 

E1 = 100 
e-2vt f a(r,i2v"~~u,172V~tu) +aiiy1i~~u4r/v"j'TJ~~ud20,dt 

k-l (k _ 1) 100 f - L l e-2vt (~~bi)\7i~~-l-lu~-h(174~~u) d20,dt 
l=O O 

(3.33) 

E2 - t (·~) {oo e-2vt f (~~aii)Vi.6..~-lu \7j(174~~u) d20,dt 
l=l Jo 

(3.34) 
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The terms that don't include At are handled in an identical fashion to how they were han

dled in the proof of Lemma 3.3.3. The first term on the left is handled using Lemma 3.3.1: 

( 8t(r,2 A~u), r,2 A~u) LH8 = vll112 ~~ulliH8 - ½11112 A~uolli2cs2)• (3.35) 

To handle the forcing term we exploit the regularity of g: 

I (g, A~h(?J4A~u))LHo I < llgllLHt- 1 • IIA-h(rJ4A~u)IILH8 ,, 

< CllglliHt-1 + oll112VA~ulliH8 + c5llulliH~· (3.36) 

From here it would be a simple enough matter to proceed as we did in the proof of 

Lemma 3.3.3 and, with the assumption that u is in the class LHi with suitable estimate, 

deduce that u must in fact be in the class LHi+I, for all k :'.S; 2m. Taking account of 

the time derivatives then, we find that u E p-;:,+½ provided that the coefficients of the 

operator At have llallRm+2, llbll m+% and licll m+s;2 bounded. In short we would arrive at 
v P,, P,, 

an estimate of the sort 

with the constant Q depending on m and the quantities llallp;i+2, llbll m+% and llcll m+3/2 · 
P,, P,, 

This circumstance is undesirable and not what we are used to in the theory of parabolic 

equations, where the solution is usually of the same ( or higher) regularity as the coefficients 

of the operator; that is to say, we expect a parabolic operator to be 'smoothing'. We can 

indeed do much better. However, to do better we need to know that the solution is of 

a certain regularity so that we can then 'trade-off' derivatives of the solution u against 

derivatives of the coefficients a, b and c of the operator. The magic number that serves our 

purposes here is seen, upon closer scrutiny of Lemma 3.3.5, to be 3. So then if u E PJ, the 

derivatives Viu, i = 0, 1, 2, 3 are all uniformly bounded by a constant multiple of lluliP!· 

Assuming n ~ 3, u E P;:, a E P:;,, b, c E p:;,-½ and proceeding in this way we then have 

for all k :'.S; 2n 

IE, I <; t, e) 100 e-2vt f <l1J'V L',.~ul' + ;, IL'.~ al' IV L',.~-'ul' + <14'7' ,;, 1) L',.i ul' J'n dt 

k-l (k 1) [00 f 1 + ~ ~ lo e-2
vt clA-h(7J4A~u) 1

2 + 4€ IA~cl2 IA~-l-lul 2 d2n dt 

t, C) l,00 
e-'"' f <l1J'V L'.iu I' + <14'73 

V 1) L',.~ul' d2fl dt 
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+ f (~) 100 

e-2vtf ;El.6..tal2lv'.6..~-!ul2d
2
ndt 

!=l 0 

+ ,t2 G) f e-2vt f :<lt.~al2IVL'.~-1ui2d2!1dt 

+ ~ e ~ 1) f e-
2
"' f <1Ll-h(#M'd2!1dt 

We have split up the sums involving the coefficients to help clarify the following facts: If 

1 ~ l ~ k - 3 < 2n - 3, the quantity J.6..~al E L 00 (S2 x [O, oo)), while if 1 ~ l ~ k - 4 ~ 
2n - 4, the same may be said of J.6..~cJ. On the other hand, if k - 3 ~ l ~ k ~ 2n then 

Iv' D..~-1ul is bounded, since we have assumed that u E P-:)'. Therefore we may estimate 

IE2I as 

IE2I < EJJ772v' .6..tulliHS + EJ!ulliHt + 
0
;:) llallh llulliHi + 

0
;:) llalliHi llull~i 

+ C
4
(k) jjcjl2 n-1;

2 
llulJiHk + C

4
(k) llcl!~Hk-1 llull~a 

€ Pv V € v V 

< Ell772v' D..tulliHB + C(k, llallP:, llcllp,:i- 112)llull~:-

We note that the constant C depends sublinearly on the squares of the norms of the 

coefficients. Playing the same sort of tricks with (3.33) we find, using the ellipticity of At 

and Cauchy's inequality with 6, that 

E1 2'.: loo e-2vt f 0J772v' D..tul2 - 6J772V D..tul2 - :o Jal2J477 v''f) D..tul2 

-~ e ~ 1) ( OIL'.-h ( '74 
L',~u) 12 + :o lt.~W IV L',:-1-'ul2

) rf n dt 

> f.00 

e-
2
"' f o-O)l'12

V t.:u12
- :o 1•12 14'7 V') t.:uI2

- ~ e ~ 1) OILl-h('74LlM2 

-[, e ~ 1) :o It.~ bl' IV L',~-1-lu 1
2 

- I, e ~ 1) :o lt.~WIV L',~-1-lul2 rfn dt 

> (0-6)1'772v' D..~ulliHB- ~; llalli: llulliHt-6C(k, 77) 11772v' D..~ulliH2-<5C(k, 7J)llulliHt 

C(k) II 2 I 2 C(k) II 11 2 II 112 -~ bllp:-1121 ullLHt - ~ b LH!-1 u P; 
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~ ;111/V ~~ulliH8 - C(k, Jlal!Pii, llbJlp:-112)lluJI~:, 

where we have chosen o so that 0 - 8(1 + C(k, 'l'J)) ~ r Summarising, we have the two 

inequalities 

(3.37) 

(3.38) 

with the constants depending only on k and the quantities llallpii, llbllp,:,-112 and !lcllp,:,-112 . 

Combining (3.37),(3.38),(3.35) and (3.36), we have 

(;- E- o)ll1,2V~~ulliHS ~ C (ii'l'J2~~uolli2(s2) + llglliHt-1 + llulli:) · 

Although this estimate has only been calculated using difference quotients in only one 

direction the same is obviously true for the mixed difference quotients as well. Thus we 

have uniform bounds for all the difference quotients of (k + 1)-th order. These uniform 

bounds hold for all k ~ 21?, and so by Lemma 2.1.10 all the difference quotients up to 

order 2n + l converge on each coordinate patch c; to genuine weak derivatives satisfying 

the estimate ( choosing c and o appropriately), 

JJVk+lulliH8(C:) ~ C (lluoll~k(S2) + llulliH~ + llglliHt-1) , 

for all k such that 2k ~ n. Moreover, if n < 3 the constant C depends on k, llallpz,+2, 
llbll n+% and llcll n+%, while if n 2:: 3 the constant C depends on k, llallPii, llbll n-112 and 

P,, P,, P,, 

!lcllp:-112. Thus starting with (3.21) and iterating up, we find that if m ~ 4½ we have the 

estimate 

llv'k+1ulliH8(C;') ~ Q (lluoll~1c(s2J + llglliHt-1) , 
for all k satisfying 2k ~ m. The constant Q depends only on the quantities m , llallp~, 
llbll m-1;2 and !lcll m-112 . Summing over all coordinate patches and using equation (3.1) to 

P., P., 

account for time derivatives we obtain (3.31). ■ 

We have seen that the number 4½ was critical in the proof of Theorem 3.3.6 as it marks 

the point at which the P:1-estimates begin to display a smoothing property. We note that 

4½ is probably not the optimal value, but will serve our purposes. This number will be of 

great importance in what follows so we make the following definition 

m ·-41 0 .- 2· (3.39) 

The estimates which we have just derived may now be utilised to produce the following 

important solvability result. 
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Theorem 3.3. 7 Let m ~ m0 and suppose the coefficients of the operator At satisfy a E 

P;1- and b, c E p:i,-½ . The map S : p;i,+½ --+ H 2m(S2) x p;i,-½ defined by 

(3.40) 

is a Banach space isomorphism. 

Proof: We begin by establishing that S is continuous. Since S is linear, it suffices to 

show that Sis bounded. To do this we consider the components of S(u) separately: 

ll8tu - Atullp:i-112 < IIBtulJP;'- 112 + IIAtullP:1-112 

< lluJIP:'+112 + ClluJIP:'+112, 

where the constant C depends of the P;1--norm of a and the p::,-½_norms of band c; we 

have used the same ideas as used in the proof of Theorem 3.3.6 to handle the coefficients 

in this way. This establishes continuity for the second component of S. 

To prove continuity of the first component of S we again argue using difference quotients 

to prove the required trace result. Lemma 3.3.1 gives 

The first term on the right is easily controlled by Jlull~:-+112 and the second term is handled 

by first integrating by parts to shift a difference quotient from the first factor in the inner 

product to the second, and then using the Cauchy-Schwartz inequality so that 

Jlr/ A~muollf2cM2) < CJluJJ~:1+112 + 2(8tA~m-iu, Ah(rJ2 A~mu)hH8 

< CJJull~:-+112 + 2JJ8tA~m-lullLH8 IIAh(7J2A~mu)JILH8 

< Cllull2 
m+l/2 · 

P,, 

Since this estimate is independent of h we may pass to the weak limit and infer that u0 

has weak derivatives of order 2m with the estimate 

We conclude that u i--+ S( u) is a continuous mapping between the given spaces. 

We next need to show that S has an inverse; that is that the equation S(u) = (u0 , g), for 

given u0 and g, is uniquely. solvable in the appropriate class. However this was exactly 

the conclusion of the existence Theorem 3.2.3, Corollary 3.2.4 and the regularity theory 

culminating in Theorem 3.3.6. 
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It remains to show that the inverse of S is continuous, but this fact is evidenced in the 

estimate (3.31). ■ 

Remark: We note here that u E H Hv is a solution of (3. 7) if and only if w = e-vtu E H Ho 

is a solution of 

(8tW, ¢hH8 + f At,v(w, ¢) dt = (g, ¢)LHg 
J[o,oo) 

for all¢ E HH0 , where g = e-vtg and At,v = At - v. 

(3.41) 

As a consequence, w will satisfy (3.31) with v = 0 and so we might as well work with 

estimates involving unweighted norms. 

3.4 The Quasilinear Equation. 

Theorem 3.3. 7 and the Inverse Function Theorem may now be combined to derive ex

istence results for quasilinear parabolic equations. The Inverse Function Theorem is as 

follows: 

Theorem 3.4.1 Let E and F be Banach spaces and let f: Uc E---+ F be of class er, 
r 2: 1. Let Xo E U and suppose 'Dx0 f is a linear isomorphism. Then f is a er diffeo

morphism of some neighbourhood of x 0 onto some neighbourhood of f(x0 ) and, moreover, 

'DJ- 1 (y) = ['.DJ(f-1(y))J-1 for yin this neighbourhood of f(xo)-

Proof: See [AMR, 2.5.2]. ■ 

We will aim to obtain existence results for the generic quasilinear parabolic problem 

OtU = Q(u) ; u(·, 0) = uo, 

where the operator Q is defined in local coordinates as follows 

We assume that: 

The functions aij (x, t, w, (), bi(x, t, w, ~) and c(x, t, w, ~) 

are smooth in both w and (, 

(3.42) 

(3.44) 

and that the operator Q is elliptic in the sense of (3.3) for each t, at least in some 

neighbourhood of the initial data. The (x, t)-regularity of the coefficient functions will be 

in terms of the Pf: norms and will be specified as needed. 
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To obtain the local existence of solutions of (3.42) we use the !~verse Function Theorem 

to infer the existence of functions solving initial value problems which are close (in a 

sense that will be made precise) to a particular initial value problem whose solution is 

guaranteed. In the treatment of quasilinear parabolic problems in [P, Theorem 2.4.1] the 

function w is defined as the solution of the 'frozen' linear problem 

w(x, 0) = uo(x), 

where Q0 refers to the operator 

Polden then goes on to assert that it is possible to find a pair (u0 , q) close, in the P;:-sense, 

to (uo,OtW - Q(w)) with q vanishing fort less than some constant c. This assertion rests 

on the fact w -+ u0 smoothly as t -+ 0 and so uo remains 'close' to w for some small 

amount of time. This closeness however can only be in the pointwise sense and not in the 

P;:-sense, since if we consider the first time derivative of the difference w - u0 we find 

that it indeed approaches something non-zero, namely Q0 (u0 ), as t-+ 0. This means that 

the proof of [P, Theorem 2.4.1], as stated, is in error. 

We may however correct the proof by constructing a suitable function in a manner that 

is reminiscent of Picard iteration. The idea is to use the smoothing properties established 

in Theorem 3.3.6 to construct a function close to ( u0 , q) in the P;:-sense. We define the 

sequence of functions { W8 }~0 as follows: 

Ws+i(x,O) = uo(x) = wo(x,t), (3.45) 

where the operator Qs is defined as 

(3.46) 

We note that, by virtue of Theorem 3.3.7 (with 1.1 = 0), each W 8 is defined and belongs to 

the class P'(;'+½, given Uo E n2m+1 (S2). 

We now take time to prove a couple of results concerning the behaviour of the differences 

of successive ws's near t = 0. 

Lemma 3.4.2 Let u0 E H 2m+l(M2) and Ws be defined by {3.45). We have the following 

for alls and for all k ~ 2m. The constant C depends on m and IJuollH2m.+1(M2). 
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Next suppose O ::S; k ::S; s ::S; N + 1 and consider 

118f(ws+l - Ws)llt2m-2k(M2) 11a:-l (QsWs+i - Qs-1Ws) llt2m-2k(M2) 

< 11a:-1 
(Qs(Ws+1 - Ws)) llt2m-2k(M2) 

+11a:-1 ((Qs - Qs-1)ws) llt2m-2k(M2) 

< L
3

•:: e ~ 1) (a/ Q, l ( a:-•-; (w,-;1 - w,)) 
2 

H2m-2k(M2) 
2 

+ 1:J·:: e /) (a/(Q, - Q,-i!) (a:-•-iw,) 
H2m-2k(M2) 

The first term on the right can be controlled by a term of the form 

k-1 

C1 L 11a:-l-j ( Ws+l - Ws) llt2m-2k+2(M2)' 

j=O 

while the second term on the right can be controlled, utilising property (3.44), by a term 

of the form 
k-1 
~ . 2 

C2 ~ llaf (ws - Ws-1)IIH2m-2k+2(M2)• 
j=O 

The constants C1 and C2 depend only on k and the P0 norm of ws, which can in turn be 

controlled by the H 2m+1 (M2 ) norm of u0 via the linear estimates. 

Invoking the induction hypothesis we then find that 

Hence by induction the result is proved. ■ 

If we define the localised parabolic spaces P:1'r, T > 0 as , 

(3.49) 

then we have the following corollary: 

Corollary 3.4.4 Let u0 E H2m+1 (M2) and W 8 be defined by (3.45). Then 

(3.50) 

for alls~ m. The constant C depends on m and lluollH2m+i(M2)· 
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Proof. Using the Fundamental Theorem of Calculus it is clear that 

jVjws - Vjuol :::; 1t jVj8tWs(r)j dr 

< ../i (!,' I 'v;D,w,(r) I' dr) ½ , 

for any j < 2m. Thus we have 

· . 2 2 IIV3ws - V3 uo!IL2(M2) :::; ti!wsllp;i+1-

Adding up over j E (0, k]z C [O, 2m]z we find 

Hence, 

llws+l - Wsll~k(M2) < C (llws+l - uoll1-k(M2) + llws - uoll~k(M2)) 

< C(2m + l)t (llws+ill~;i+i + llwsll~;i+i) · 

Recall now that Ws is a solution of (3.45), a linear equation, so utilising our linear estimates 

(setting 11 = 0 in (3.31)) and recalling the assumption (3.44) we then have 

!lws+ill~m+l < Cj!wsll 2 m+112 lluollt-2m+i(M2) 
o P0 

< C' (1iuollt-2.,,+1(M2)), 

iterating s down to zero. A similar estimate is found for llwsll~m+1• Combining these we 
0 

then arrive at 

■ 

Lemma 3.4.3 Let u0 E H 2m+1(M2) and W 8 be defined by {3.45). We have 

(3.48) 

for all s and all k satisfying O :::; k :::; min( s, m). The constant C depends on m and 

lluo IIH2m+l(M2). 

Proof: We note firstly that the result for k = 0 is simply Lemma 3.4.2 which was just 

proved. We suppose then that the result has been proved true for all (s, k) satisfying 

0:::; k:::; s < N. 
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Proof: In light of Lemma 3.4.3 we find 

llwm+l - Wmllim - t 1T ll8f(wm+l - Wm)(t)ll;f2m-2k(M2) dt 
, o,T k=O 0 

With this the result is proved. 

< t 1T Ctdt 
k=O O 

r2 
C2 (m + 1). 

■ 

We will make use of the following technical result which shows how the P0'}-norm of a 

product may be estimated. In essence the result is just Corollary 2.1.8, restated in terms 

of the P0}-norms. 

Lemma 3.4.5 We may estimate the Po;r norm of a product of functions f, g E Po,T n 
L00 (M2 x [O, oo)) as follows 

llfgllh:·T::; c (IIJll~llgllirT + llgll~llfllirT). (3.51) 

Proof: The proof is really just an exercise in checking that terms of the form 

can be controlled in the manner given in (3.51). This is done using the estimate (2.22). 

We will give a short proof for the case m = 1, the case with m > 1 may be handled in a 

similar manner. 

Form= 1 we need to control the terms II! gllLLo,T' Iii 8tgllLLo,T' II! DgllLLo,T' 

II! D2gllLLo,T and IID f DgllLLo,T; all other terms being of one of these type. The first four 

terms can be controlled by llfll00 llgll.P.1 , and the last term is dealt with using (2.22): 
O,T 

!ID f DglliLo T < IID flliL4 IIDglliL4 
O,T O,T 

< CllflloollfllPJ)lglloollgllPJ,T 

< C (llfll~llglliJ,T + llgll~llflli&,T)' 
where we have used Cauchy's inequality. • 
We are now in a position to obtain local existence results for (3.42). 

Theorem 3.4.6 Let u0 E H2m+l(S2), form 2: m0 . There exists a solution to the quasi

linear initial value problem {3.42) belonging to the class PJ e for some E > 0. The solution 
' 

is unique and depends continuously on uo. 
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Proof: We define an operator S : p;i+i --t Am by 

S(u) = (uo, 8tu - Q(u)), 

where for brevity we have defined 

We also let w be the (N + l) th term of the sequence defined by (3.45), so that 

S is Frechet differentiable and so computing its derivative about w we find 

a 
as S(w + sv)ls=O 

(vo, OtV - Aw(v)), 

where Aw is a linear differential operator of second order. If we set~= 'Vw then we may 

write Aw ( v) in local coordinates as 

with 

C(w, ~) 

By inspection of these coefficients we see that if w E Pd71+1 then Aik E P'(/1'+½ and 

Bi, C E P'0 . Invoking Theorem 3.3.7 we find that 'DwS is a linear isomorphism between 

the Banach spaces p;i+i and Am. Theorem 3.4.1 then implies that the mapping S is 

a local diffeomorphism from some neighbourhood U of w to some neighbourhood V of 

S(w). Hence there are balls B 01 (w) CU and B02 (S(w)) CV for some 81 ,82 > 0, such 

that the map B02 (S(w)) C S(Bo1(w)). 

Calculating S(w) we find, using the definition of w, that 

S(w) = (uo, QN(w) - Q(w)). 

Next let 
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for some E > 0, where 

x(s) = { ~ 
is a smooth function satisfying O < X ~ 1. 

s~l 

s>2 

We claim that if tis sufficiently small then ( u0 , qe(t, w)) is within the ball B02 (S( w)). The 

claim is justified as follows: 

ll(uo, qE(t, w)) - S(w)lllm < 2 (lluo - uoll~r2m+1cs2) + llqe(t, w) - QN(w) + Q(w)lliir) 
211(1- x(t/t))(QN(w) - Q(w))lliir 
211(1- x(t/t))(QN(w) - Q(w))llim 

0,2E 

Using Lemma 3.4.5 we find that we need to have control of the following terms 

(i) 

( ii) 

Note here that we have taken N large enough so that QN(w) - Q(w) E L00 (S2 x [O, oo)). 

Controlling ( i) is easy: the first factor is 1, and the second factor is O ( t:2), by Corol

lary 3.4.4. Controlling ( ii) is a little more subtle; this time the second factor can be 

controlled using Lemma 3.3.5, and so by Corollary 3.4.4 is O(t2), but the first factor 

causes some problems. Calculating this factor we find 

~12E 111 - x(t/t)ll~r2. = ~ 11a: (1 - x(t/t)llt2m-2k(S2) dt 
k=O O 

Thus term (ii) is O (t3- 2m) . 

We then have 

m [2€ 1 
< CL Jo Tkdt 

k=O O € 

m 1 
2cL €2k-1 . 

k=O 

and with that we may conclude that there is an E > 0 such that 

(3.52) 

Since S is a local diffeomotphism between P'(/1'+1 and Am for any m, (3.52) implies that 

there is a function u E Pt satisfying S(u) = (u0 , qlt, w)), which then implies that S(u) = 
( u0 , 0) for all t ~ t. That is to say that (3.42) has a local solution in the class PJ,e The 

uniqueness of the solution and the continuity of its dependence on u0 are artefacts of 

Theorem 3.3.7. ■ 
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Chapter 4 

Local Existence for the 

Quasispherical Constraint Equations. 

As was outlined in section 1.6, when we assume that a 3-manifold satisfies the conditions 

of the so-called quasispherical ansatz, we may effectively replace the nonlinear elliptic 

Hamiltonian constraint equation with a semilinear parabolic equation. Reiterating some 

of section 1.6, if we consider the components Toa of the stress-energy tensor as prescribed 

fields, then for a quasispherically foliated 3-manifold to be considered as initial data for 

the Einstein equations it is necessary and sufficient that the metric parameters u and /3 

and second fundamental form parameters µ, 17, K and H satisfy the following system of 

equations (QSECS): 

2r8ru - 2/3A v' AU 

81rT03ru 

1u2/J..u + (1 + 1B)u - 1 (1 - ½Rr2 )u3
, 

- (rorµ - /3Av' Aµ+ (3 - div/3)µ) 

+'u divK + K,Av' AU+ 1}A8 v'(Bf3A) + (2 - div/3)H 

v'8 (U1JAB) + µv' AU+ v' A(u(½µ - H)) 

(4.1) 

(4.2) 

+r8rKA - /3 8 v'sK,A + ((3 - divf3)8AB - v' Af3B)K,8 , (4.3) 

where we consider Ras given in terms ofµ, 17, Kand H via (1.16) and (1.54) ; that is, 

(4.4) 

As was already mentioned in section 1.6, for equation (4.1) to be considered parabolic it 

is required that /3 satisfy the condition (1.53). To ensure that this condition is met we 

prescribe /3 as any element of the set {f E r00 (T S 2 x [O, oo)) : 2 - div f > 0.}. This leaves 

u as the only remaining metric parameter. We therefore cannot prescribe u; it must be 
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found by solving the QSECS subject to appropriate boundary conditions. Recall that u 

is a strictly positive function. This point will be important later on. 

Now that we have established that u cannot be prescribed, we must consider the remaining 

fields µ, 7711 , 7712 , K1 , K2 and H. Since we have only four equations in the QSECS, it 

is obvious that we need to prescribe at least three of these fields and consider the other 

three as to be determined by the QSECS, subject to suitable boundary conditions. The 

question remains: Which of the fields µ, 7711 , ry12 , K.1, K-2 and H should we consider as 

prescribed? As we will see in a moment, prescribing either H or µ allows us to gain a 

certain control over the geometrical nature of the initial data. We will thus consider µ 

or H as prescribed, never both. This leaves us with two remaining fields to prescribe. 

The only choices are the components of 'T/ or the components of K. (it seems implausible to 

prescribe one component of each!). Seeing that K. appears more frequently in the QSECS 

than does 77, we choose to prescribe K.. As we might have hoped, we will see that this choice 

simplifies the structure of the QSECS, for only a minor cost. We make the comment, in 

passing, that the case for prescribing 'T/ is potentially interesting as well. This case will 

not be treated here, however. 

4.1 Time Slicing Conditions. 

In the discussion of the conformal method approach to constructing spacetime initial data, 

it was seen that prescribing the mean curvature has been made standard practice. This has 

many advantages both geometrically and physically. Indeed the so-called maximal gauge 

or maximal time slicing, which amounts to the assumption that the mean curvature is 

zero, is quite often employed since it greatly simplifies the analysis and may be assumed, 

without loss of generality, for any asymptotically flat spacetime satisfying an interior 

condition, [B84] . 

In the case of the QSECS, the mean curvature is given by the parameter H and so it 

seems reasonable that we should consider H as a prescribed field. This then gives us a 

formulation of the QSECS as a boundary value problem. 

Problem la. QSECS with prescribed mean curvature. 

Given the prescribed fields Toa, /3, K. and H, do there exist solutions 

u, µ and 77 of (4.1), (4.2), (4.3) satisfying the boundary 

conditions (u, µ)/ 8 2 = (uo, µo)? 
1 
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Note that Sf = {p EM: r(p) = 1} is the unit sphere. It may be possible to assign 

boundary values on a more general 2-surface but in this work we will only treat the case 

where boundary values are assigned on the unit sphere. 

Another less familiar but potentially interesting time slicing condition is given by pre

scribing µ. In general µ is defined as 

ABK µ=g AB 

where gAB, A, B = l, 2 refers to the components of the inverse of the induced (spherical) 

metric. 

To illustrate the geometric meaning of prescribing µ we consider the case of spherically 

symmetric spacetimes with metric given by 

ds2 = -X2 dt2 + 2Y dr dt + Z 2 dr2 + r2da2. (4.6) 

Calculatingµ for the surfaces defined by constant tin this metric, we easily obtain 

(4.7) 

If it were the case that the metric were written in the so-called polar coordinates (for 

which Y = 0), we would find that µ = 0. For this reason we will refer to the slicing 

defined by µ = 0 as the polar gauge and we will call the quantity µ the polar curvature. 

Next consider a surface defined by t = f(r) in the metric (4.6). The tangent to this 

surface is given by x =Or+ f'8t, The normal to the surface is given by n = a8r + bat , 
where a and bare determined by the conditions g(x, n) = 0 and g(n, n) = -1, which lead 

to 

a 
x2J, -Y 
z2 + Yf'b 

2 2Y(X2 f' - Y) (X2 f' - Y) 2 

X - z2 + y f' - (z2 + y f')2 . 

The polar curvature is given by 

rµ = 2a. (4.8) 

The polar gauge (µ = 0) then implies that f' = Y x-2 and so the tangent to the surface 

is given by 

while its normal is 
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Calculating the gradient of r, we have 

'vr = gaf3 oar 8/3 = X 2 z~: y 2 ( 8r + Y x-28t) . 

Hence, at least in the case of spherically symmetric spacetimes, the µ = 0 surfaces are 

those which have 'vr , the gradient of r, as their tangent vector. 

The role the polar curvature plays in more general spacetimes is potentially very inter

esting but has not as yet been investigated in any detail. However, in anticipation of this 

investigation we will consider the QSECS with µ a prescribed field. This gives us a second 

formulation of the QSECS as a boundary value problem. 

Problem 2a. QSECS with prescribed polar curvature. 

Given the prescribed fields Toa, /3, K, and µ, do there exist solutions 

u, H, and 'T/ of (4.1), (4.2), (4.3) satisfying the boundary 

conditions ul8 2 = uo? 
l 

(4.9) 

The main aim of this chapter then is to establish the local existence of solutions to ( 4.5) 

and (4.9). 

4.2 Rewriting the Equations. 

It was shown in section 2.3 that certain elliptic systems of equations over the sphere may 

be written in a more tractable form if we employ the o operator. It turns out that ( 4.3) 

is one such system. 

Introducing the following complex fields, 

/3 72 (/31 - i/32) 

K, 0 ( K,1 - iK2) 

'T/ 'T/11 - i'T/12 

To 0 (To1 - iT02) 

and the subsidiary field 

p = 2 - div/3 = 7-1
, 

we may, in a manner akin to that used to write the system (2.52), (2.53) as the single 

equation (2.54), write the system (4.3) as 
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We may consider f3 and /'i, as 8 2 vector fields or as spin-1 sections of the complex line 

bundle over 8 2. Similarly we may consider rJ as a symmetric, traceless 2-tensor over 82 or 

as a spin-2 section of the complex line bundle over S2• The context in which these fields 

are used should make it clear which representation is being employed. 

Due to the repeated appearance of the operator r8r - v' /3 we will find it convenient to make 

a change of coordinates that will simplify the structure. We introduce the diffeomorphism 

of 8 2 x IR 

where ( = ( 19, cp) and 0 ( t, e) is defined to be the solution of 

a 
at 8(t, ~) = -f3(et, 8(t, e)) , 

subject to suitable boundary conditions, f31t=O = f3o

Hence, defining f (t, ~) = j(et, 8(t, ()), we then have 

atf(t, e) = taf aJ aeA I 
e OT + f)(A at (r,( )=(et,e(t,m 

- (r :r - f3A c}~A) f(et, 0(t, e)) 

(r8r - v' 13) f(et, 8(t, ()). 

We may then write (1.50,1.55,1.56) in terms of (t, () as 

- t 87rT03ue 

811'Touet 

u2 Liu+ p(l +i'B),fi-(l-½R9e2t)u3
, 

- --{Btµ+(l+p)µ)+u(divK)+(KAv' Au)+ (rJAB'v'(B f3A))+piI, 

8tk+ (a(u77) +µou+½o( uµ)-o( uH) + (1 + p)x;+.iwf3+x;o,8). 

(4.11) 

(4.12) 

(4.13) 

(4.14) 

( 4.15) 

We note that since we have employed the coordinate transformation given by ct> , the 

Laplacian Li appearing in (4.13) is with respect to the pulled back metric g = «I>*g. 

As we shall see, implementing the coordinate transformation <I> , simplifies the structure 

of the system in question. It does, however, leave us with a technical hitch. Since the 

natural angular derivatives will now be in terms of the (A-coordinates, when we come to 

differentiate the equations, terms involving derivatives of /3 will arise via (4.12) . This is 

not a problem, as we will assume throughout that f3 is a smooth, prescribed field and so the 

terms that arise will be bounded by uniform constants. Moreover, since we assume that 

/3 is smooth, the standard regularity theory for ordinary differential equations dependent 

upon a parameter implies that ct> is a smooth diffeomorphism. 
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With this observation in mind we may supress the tilde's. Introducing the notation 

j = 8tf and defining the auxiliary field fJ = UrJ we then write the QSECS as 

2pu - u2.6.u+p(l+"(B)u-(l-½!l9e2t)u3, 

81rT03uet - --(µ+(l+p)µ)+udivK,+K,A\7 Au+rJA8
"v(B f3A)+PH, 

81rT0uet - 6( iJ) + µou+ ½o( uµ )-o( uH) + k+ (l + p) K, + ~o/3 +K,o,B. 

(4.16) 

( 4.17) 

(4.18) 

We also note that, upon inspection of ( 4.16), t = ln r is seen to play a role analogous 

to that played by time in the classical heat equation. We therefore refer to t = ln r 

as 'parabolic time' or for brevity, simply as 'time', where it is understood we refer to a 

characteristic of parabolic partial differential equations and not the usual physical notion 

of time. Indeed, the present work is concerned with the existence of solutions to a system 

of partial differential equations on a spacelike 3-manifold. 

4.2.1 Problem with the Solvability of (4.18). 

A problem arises if we consider ( 4.18) as giving an equation for ij. In making such 

a consideration we find that (4.18) is of the form 6f = g with f E £ 2
• Observing 

Lemma 2.3.2, an equation of this form is only solvable if g E span {Yz;,,, : l 2: 2}, that is to 

say if g is devoid of l = l spherical harmonic components. Hence if we consider (4.18) as 

giving an equation for ij, then we do not have the freedom to prescribe all the fields we 

have thus far considered prescribed. 

Typically the stress-energy tensor will be determined by the matter occupying the space

time, and we would like to freely specify H or µ for geometric reasons. It is also best 

to completely specify the metric parameter /3 so that there is no chance of (1.53) being 

violated. That leaves us with K,, and we conclude that it is not possible to consider ( 4.18) 

as giving an equation for fJ and at the same time treat K, as freely specifiable. 

We thus look to constrain K, in such a way that (4.18) is solvable. This will then produce 

another equation (the K, constraint) which must then be included as part of the QSECS. 

To obtain the required equation we spectrally decompose K, as follows 

1 00 ! 

K, = L km½~ + L L t,;lmr'z~ = k + Ci (4.19) 
m=-1 1=2 m=-l 

where er= E1~2 E1m1::;1 t.:
1mYz~ is devoid of l = 1 components. 

66 



Let P1 denote the projection onto the subspace spanned by {Yi.~ m = -1, 0, l}. It is 

easy to check that if k satisfies 

then (4.18) reduces to 

This equation is of the form fJJ = g with g E span {Yz~ : l ~ 2}, and so is uniquely 

solvable by Corollary 2.3.3. 

Replacing (4.18) with (4.20) and (4.21), the constraint system may now be written as 

2pu = u211u - u3 (1 - ½e2t(161rToo + 211~11 2 + !µ2 
- 2µH)) 

+p (1 + ½,e2tll'TJll2 + ,B) u 

µ 

-k 

div(uK,) - (1 + p)µ+ u-1f}ABv7(Bf3A) + pH - 81rT03 uet 

P1 {µau+ ½a(uµ) - a(uH) + (1 + p)K, + R,0/3 + K,a°t + 81rT0 u et} 

The problems ( 4.5) and ( 4.9) may now be stated more correctly as 

Problem lb. QSECS with prescribed mean curvature. 

Given the prescribed fields T00 , {3, a and H, do there exist solutions 

u, µ, fJ and k of (4.22), (4.23), (4.24), (4.25) satisfying the boundary 

conditions (u, µ, k)l 8 2 = (uo, µo, ko)? 
l 

Problem 2b. QSECS with prescribed polar curvature. 

Given the prescribed fields T00 , /3, a andµ, do there exist solutions 

u, H, fJ and k of (4.22), (4.23), (4.24), (4.25) satisfying the boundary 

conditions (u, k)l 8 2 = (uo, ko)? 
l 

(4.22) 

(4.23) 

(4.24) 

We have not yet made mention about which function spaces we will be posing Problems 

1 b. and 2b. in. Which spaces are to be used will be made clear in the next section after we 

discuss an iterative, linear system of partial differential equations based on the QSECS. 

In fact, the existence of solutions to the QSECS will follow from the convergence of the 

iterative system to a fixed point. 

We will begin by considering Problem lb. 
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4.3 Iterative Techniques for Local Existence. 

In [B93], Bartnik gives a detailed proof of the global existence and uniqueness of solutions 

of (4.1) with f3 and 'R. prescribed, and satisfying certain conditions. When considering 

the QSECS with prescribed mean curvature, however, we may not consider 'R. as com

pletely prescribed, but as determined by the additional fields µ, fJ and k, each of which 

is constrained so as to satisfy (4.2) and (4.3). 

To prove the local existence and uniqueness of solutions to the QSECS with prescribed 

mean curvature, we will not borrow from Bartnik's treatment. Instead we will define 

a linear system of partial differential equations and produce a sequence of iterates that 

converge to a solution of the QSECS. In defining the iterative scheme we will see that it 

is imperative that we have a theory dealing with linear parabolic equations in which the 

regularity of the coefficients is comparable to that of the solution. Indeed, this intended 

application was the main motivation for the results established in chapter 3. 

In addition to the already mentioned linear parabolic theory, we will need to employ 

results from linear elliptic equations and linear ordinary differential equations. These will 

be derived as they are needed. 

We begin by proposing an iterative system of partial differential equations before going 

on to prove that it is well defined. 

4.3.1 The Iteration Scheme. 

Keeping in mind that we are dealing with the QSECS with prescribed mean curvature, 

we may consider Has some given field. We therefore define the following iterative system 

for generating the sequence {(un, µn, 'Tin, kn)}:'=o· 

Un+1 = i'u!~un+l -i'u~ (1-½e2
t (161rT00+2jjx;nl\ 2 +¾µ;-2µnH)) 

+½(1 + ½')'e2tllf/nl\ 2 + ')'B)un (4.26) 

/J,n+l - div(un+1K,n+1)-(l + p)µn+l +u;,1 fJ:Bv(Bf3A)+pH-81rT03Un+1et (4.27) 

kn+i -Pi {µn+10Un+1 + ½a(un+iµn) - a(un+1H) + (1 + p)x;n 

+Rno/3 + Kn0/3 + 81retun+1To} , ( 4.28) 

o-+ (l-P1) {µn+10Un+1 +½o(un+1µn+1)-o(un+1H) +(1 + p)Kn+l 

(4.29) 
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,We have set i' = ½'Y and p = ½ p for convenience. i' and p are still just smooth fields 

depending on (3. From here on, unless otherwise stated, we assume that all of the pre

scribable fields are elements of C00 
( 82 x [O, oo)). Note also that K,n = kn + a. 

The proposed iteration scheme is comprised of a hierarchical system of partial differential 

equations. The basic idea behind using (4.26), ( 4.27), ( 4.28) and (4.29) to generate 

a sequence of iterates may be stated informally as follows. Define the zeroth iterate 

( u, µ, k, ij)0, by making an identification between the initial values uo, µo and ko, and the 

zeroth iterates u0, µ0 and k0• The zeroth fj iterate, f/0, is then defined as the solution of 

(4.29), with n = -1. 

Equation (4.26) is a linear parabolic equation, and so given appropriate initial data u0 , we 

may define its solution Un+l, a function of prescribed regularity, provided that Un, ~, kn 

and fJn are known functions of suitable regularity. Equations (4.27, 4.28) form a coupled 

system of ordinary differential equations for (µn+l, kn+1)- Hence if we are given appropri

ate initial data (µ 0 , k0 ), we may define (µn+i, kn+i) as the (prescribed regularity) solution 

of (4.27, 4.28) provided that Un+1, as given by (4.26), and Un, µn, kn and fJn are functions 

of suitable regularity. 

The last equation (4.29), is a first order elliptic system which, by construction, may be 

uniquely solved for 'T/n+l provided that Un+1, µn+l and kn+l, as given by (4.26), (4.27) 

and (4.28), are suitably regular. 

The claim is that by iterating the procedure described above, we can construct a sequence 

of iterates ( u, µ, k, fJ)n- We will now make these ideas more precise by showing that the 

above iteration scheme is consistently defined. 

4.3.2 Consistency of the Iteration Scheme. 

As suggested by the preceeding remarks about the iteration scheme, we begin by consid

ering equation (4.26). Let us suppose that Un, µn, kn, 'T/n E Ff!}, Un(e, t) > 61 > 0, for all 

(e, t) E 82 x [O, T] and that uo E H2m(82
) with uo(e) ~ 62 > 0, for all ( E 82 • Note 

here that the uo we have referred to is the initial value, not the zeroth iterate u0 which is 

defined as the time constant extension of u0 E H 2m(82
) to 8 2 x [O, oo), that is; 

Equation ( 4.26) is a linear parabolic equation for un+l subject to the initial condition 
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Un+1ls2x{O} = u0 , which is seen to be of the form 

where the operator A.f is given as 

The operator Af may be written in divergence form (3.2), with 

(4.30) 

C 

The source field Fn is defined as 

Recalling Theorem 3.3.6 and (3.39), we find that if m ~ m0 , Un, i'Jn, kn E P0'} and the 

prescribable fields are smooth then Un+l is uniquely defined as an element of P'(;i½. 
' 

It is important to note that for Theorem 3.3.6 to apply it is imperative that i'u~~ be an 

elliptic operator. The ellipticity of this operator is solely dependent upon Un 's capacity 

to stay above zero. Although we have assumed that un(~, t) ~ c51 > 0 for all (~, t) E 

S2 x [O, T], it could happen that Un+1 falls below c51 after some time T* < T. This 

possibility means that successive iterates might only be defined as elements of p:;;,+½, 

with {Tn} a decreasing sequence of times. We will say more about this point later on. 

Given that Un+1 exists and belongs to the class F';':i½ we move on to consider the coupled 

ordinary differential equation system (4.27, 4.28). 

We note firstly that, given t E [O,oo), k(·,t) is an element of Span{Yi~: m = -1,0, 1} 

and as such we may equivalently consider k(·, t) simply as an element of <C3 • Indeed, we 

may write 

and since the Y1~'s are given, we may think of k as mapping [O, oo) into <C3 as follows, 

k : [O, oo) ➔ <C3 

ti-+ (k- 1(t), k 0 (t), k 1(t)) . 

For simplicity, we will refer to k(•, t) simply as k(t). Note that there will now be an 

ambiguity surrounding our use of the symbol k(t) since we will use it to denote both a 
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field over S 2 , and the components of that field over C3. When we say 'k E P0':1r' we mean 

k(t) E Span{Y;_~ : m = -1, 0, 1}. Drawing the distinction between this representation 

and k's representation over C3
, we have that 

where Hm([O, T]; C3) is the Sobolev space with norm given by 

IIJll~m([O,T];O) = :t 1T IIB;J(s)llh ds. 
i=l O 

The context in which the symbol k ( or kn) is used should make it clear which representa

tion we are employing. 

Furthermore, for any fixed value oft we have (µ(t), k(t)) E :F(S2
) x C3, where :F(S2

) 

is some appropriate function space; we will see that the Sobolev spaces H 2
j ( S2), with 

j ~ m0 , will suit our needs. Hence we can view the equations ( 4.27,4.28) as a coupled 

system of ordinary differential equations on Ej := H 2j (S2) x C3 , and so writing 

M(t) := (µ(t), k(t)) 

we have 

(4.32) 

where 

(4.33) 

and 

We then have the following result, which asserts that the operator An is bounded, provided 

Un+l satisfies certain conditions. We note also, in passing, that the operator An is linear. 

Lemma 4.3.1 Let Un+1(t) E H 2j+l(S2
) for all t E [0, T], and /3 E f 00 (TS2 x [O, oo)). 

The operator defined above by (4- 33) satisfies 

and 
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for each t E [O, T] and some constant C depending only on the smooth field (3. That is to 

say that An(t) is a uniformly bounded operator for each n, with norm given by 

(4.36) 

Proof. Let Ei := H 2i(S2 ) x (C3 and note that 

IIAnM ll~j II km [cl( Un+l 6Yim) +a( Un+l oYim)] - (1 + p) µjj ~2j (S2) + IIP1 (µoun+1) llh 

< 2 JJkm [o(un+1BYim)+8(un+10Yim)] 11~2i(S2) +2ll(l+p)µll1-2j(S2) 

+IIP1 (µoun+l) 11~3. 

Estimating the first term on the right we have 

11km [o(un+16Yim) + 8(un+10Y1m)] IIH2i(S2) 

< llkmOUn+16YimllH2i(S2) + 1ikm6Un+10Y1mi1H2i(S2) 

+JI kmun+l .6.Y1m IJ H2i (S2) 

< Cllun+l JIH2i+l(S2 ) llkllca, 

while for the second term we have, 

The remaining term is estimated as follows, 

IIA(µOu,,)llb = t, If µOU,,+1Yi~d!l'I' 

< Ct, (f lµ1lun+1ldS!
2
)' 

< CllµIJi2(S2) IJoun+1lli2(s2) 

for any j ~ 0. 

Adding (4.37), (4.38) and (4.39) we obtain 

IIAnMIIEi ~ C (1 + llun+1IIH2i+i(S2)) (llµJIH2i(S2) + llkllca)' 

as required. 

(4.37) 

( 4.38) 

(4.39) 

• 
The boundedness of a linear operator An, such as that just established in Lemma 4.3.1, is 

the standard property required to infer the existence of solutions of ( 4.32). The following 

result is a special case of the standard local existence result for ordinary differential 

equations in Banach space. See [H], for example. 
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Lemma 4.3.2 Let Ei = H 2i(S2) x C3, and suppose A(t) : Ei ➔ Ei is a uniformly 

bounded linear operator for each t E [O, T], with norm \\A(t)\li • Further suppose that Mo E 

Ei and BE L1 ([O, T]; Ei). Then there exists a unique M E C1 ([O, T]; Ei) satisfying 

M AM+B, 

M(O) - Mo. ( 4.40) 

Proof. Since A(t) is a bounded linear operator for all t E [O, Tl, we have 

IIAM(t)IIEj ~ C IIM(t)IIEj 

for all t E [O, T] and some C > 0. 

We also note that the differential equation ( 4.40) is equivalent to the integral equation 

M(t) =Mo+ 1t AM(s) + B(s) ds ( 4.41) 

Therefore setting M 0 (t) = Mo, we have the (Picard) iteration scheme 

( 4.42) 

We aim to show that {Mk(t)}:0 is a Cauchy sequence, for each t E [O, oo], in the complete 

space Ei. It will suffice to show that I\Mk+i(t) - Mk(t)\IEi ➔ 0 ask ➔ oo. We have 

IIMH1(t) - Mk(t)IIEi < 1t \IA (Mk(s) - Mk-1(s)) IIEj ds 

< C 1t \\Mk(s) - Mk-1(s)J\Ei ds. 

Iterating this last step we find 

Considering IIM1(s) - Mo\\Ei we have 

sup IIM1(s) - MollEi < sup r IIA(a)MollEj + IIB(a)IIEi da 
sE[O,t] sE[O,t] J 0 

< it C\\Mo\lEi + IJB(s)IIEJ ds 

Ctl!MollEj + 1t IIB(s)ilEi ds (4.44) 
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where the right hand side of (4.44) is finite since Mo E Ei and B E L1 ([O, T]; Ei) . 

Substituting this into (4.43) we find that IIMk+1(t) - Mk(t)IIE; -+ 0 as k -+ oo as 

required. This proves existence and the uniqueness may be shown by an almost identical 

argument. • 
The boundedness of the operator An is also the foundation for a priori estimates for 

solutions of (4.32). The basic result is as follows. 

Lemma 4.3.3 Let A and B satisfy the hypotheses of Lemma 4. 3. 2 and let M be a solution 

of 

M=AM+B, 

with initial value M 0 • For all t E (0, T], we have the estimate 

( 4.45) 

Proof. We note firstly that EJ = H2m(S2) x C3 is in fact a Hilbert space and so, fixing 

t E [O, T], 

:tllM(t)ll~j 2(M(t), M(t))Ei 

< 2IIM(t) IIEi IIM(t) IIEi -

Hence we must have 

d 
dt IIM(t) IIEj < IIM(t)IIEj 

< IIAM(t)IIEj + IIB(t)IIEJ 

< CIIM(t)IIEi + IIB(t)IIEi, 

where it is clear that the smallest such C for which this inequality holds is the norm IIAlli 
of the operator A. 

Gronwall's inequality then gives 

as required. • 
Applying Lemmas 4.3.2 and 4.3.3 to (4.32), noting Lemma 4.3.1, we have the following 

result 
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Corollary 4.3.4 Suppose that Un, µn, kn, fJn E P0} and Un+l E P'J:':i½ is the solution of 

(4.26}, subject to the initial condition u0 E H 2m(S2
). · Equation (4.32}, subject to the 

initial condition Mn+1lt==O = Mo E Em, defines Mn+I E C1 ([0, T]; Em), which satisfies 

( 4.46) 

for all t E [O, T]. 

Proof: Since we have already assumed that m ~ mo we have no problem meeting the 

conditions Un+r(t) E H 2H 1 (S2) and En E L1 ([0, T]; Em). Lemma 4.3.2 applies and so 

Mn+l is uniquely defined as the solution of (4.32) with Mlt==O = M 0 • Lemma 4.3.3 also 

applies and gives ( 4.46). ■ 

To establish the higher temporal regularity of solutions of ( 4.32) we will consider the 

following Banach spaces 

( 4.47) 

and their respective norms, 

IIMllim = t1T llo!M(s)ll1m-l ds . 
O,T O 

l=O 

( 4.48) 

We note that upon inspection of (4.27) and (4.28), 0 0T is the natural space in which to 
' 

look for solutions of ( 4.67) given Un+1 E P'J:i½. 
' 

To obtain the desired estimate, from which the higher regularity of solutions of ( 4.32) will 

follow, we will first need to establish some (essentially trace-type) results concerning the 

properties of the Po" spaces. 

Lemma 4.3.5 Suppose that T ~ E > 0. Let u be a function belonging to the class Pti½ , 

with k ~ l. Then 

(4.49) 

for any t E [O, T]. The constant depends only on E. 

Proof. We first suppose that u E C 00 (S2 x [O, T]). We have that u(•, t) E L2 (S2), for 

each t E JR+, we may write u spectrally as follows 

u(x, t) = L ci(t)c/Ji(x), 
j 

where the ¢/s form an orthonormal basis for L2 (S2
) satisfying Ll</>j = ->..;<Pi· 
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We define the function u(·, t) = u(·, t0 + t)x(t), where xis a smooth function satisfying 

{ 
1, s < t 

x(s) = o, s > aT 
so that u(·, T) = 0 and u(·, 0) = u(•, t0). Then given that k ~ 1, we have 

llu(·, to)ll12k(s2) = L lc1(to)l 2 l>i1l 2
k 

j 

- L lc1(0)l2 i>i1l2k 
j 

- L l>i112k {T dd lc1(s)l2ds . lo s 
J 

< L 1T lc1(s)l2 i>i1l2k+l + l~1(s)l2 l>i1i2k-l ds 
J 

< llull~k+112 
O,T 

< Cllull2 H1/2' 
Po,T 

Note that the constant depends only on the cut-off function X• With the result now 

established for smooth functions it is an easy matter to get the result for u E P~f\ jt 

follows, after mollifying u, by a standard approximation argument. ■ 

Corollary 4.3.6 Suppose that T ~ € > 0. Let u belong to the class P'J:i:112 , then 
' 

(4.51) 

for all j :::; m and t E [0, T]. The constant dpends only on €. 

Proof. We note that u E P'!;,J:½ means that a{ u E P'!;ii+½ and so applying Lemma 4.3.5 

with k = m - j we have the result. ■ 

In the above trace-type results we saw that we may control the spatial norms of time 

derivatives of functions, by a constant multiple of the p~½-norm. Unfortunately the 

constant's dependence upon € means that we lose that control as c approaches zero. The 

following result shows how, with the loss of one time derivative of regularity, we may 

control the spatial norms of time derivatives by a constant which approaches zero as we 

consider smaller and smaller time intervals. 

Lemma 4.3.7 Let u E Pt,t1, with k ~ 0, then 

llu(t)ll12k(s2) < lluoll12k(s2) + CTjjujl~H1, 
O,T 

for any t E [0, T]. The constant C depends only on k. 
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Proof: Fixing ~ E S2 , we have 

u(~, t) = u((, 0) + 1t Otu(~, s) ds. 

It follows, using the Holder inequality, that 

1 

lv'2j(u(~, t) - uo(~))I ~ v'T (1T l8tv'2ju(~, s)l2 ds) 
2 

for any O ~ j ~ m and t E [O, T]. Integrating this result gives 

llu(·, t) - uollt2k(s2i < Cf lv'2k(u - uo)l2 + lu - uol2 d20 
< f T 1T l8tul2 + l8t v'2kul 2 dt d20 

< Tllull~k+i• 
O,T 

The result follows after observing the elementary inequality llxll - IIYII ~ llx - YII- ■ 

Remark: Applying Lemma 4.3.7 to Biu gives 

If it happened that u was also the solution of say a parabolic equation, then we could 

reduce the above estimate to 

where the constant C now depends on the coefficients and source functions appearing in 

the parabolic equation. 

We now proceed to derive the basic 0 0r a priori estimates for Mn+i , the solutions of 
' 

( 4.32). 

Proposition 4.3.8 Suppose Un+i E P'(;',!112 and let Mn+l be the solution of (4- 32). Then 
' 

Mn+I satisfies the inequality, 

IIMn+1lli~T ~ TC { 1 + IIBnllt~T} • (4.53) 

The constant C depends on llun+1II m + 112 , lluollH2m(s2) and IIMollEm . 
Po,T 

Proof. We begin by noting that if we square, then integrate ( 4.46) we obtain 

( 4.54) 
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where the constant C depends on 1iun+1II m+112 • This gives us a bound for the first term 
Po,T 

in the sum 

L. m 1T ll8;Mn+ill~m-1 dt, 
l=O O 

( 4.55) 

which is the left hand side of ( 4.53). 

Considering the (j + l) th term in (4.55) we have, upon differentiating (4.67), 

where Ci is a constant dependent upon j. The expression 8iAn af-l-l Mn+l represents 

the outcome of the operator a!An, given by (4.33) with Un+I replaced by aiun+l, acting 

on af-1
-

1 Mn+l. It is obvious that results analagous to Lemma 4.3.1 exist for 8lAn as 

well. Hence 

(4.57) 

where, by virtue of Lemma 4.3. 7, we see that 

where we have used the fact that Un+l is the solution of ( 4.22) to control the initial values 

of the time derivatives of Un+l· 

Observing that Lemma 4.3. 7 may easily be extended to apply to the Em-j and O[;ir , 

spaces, the second term on the right of ( 4.56) satisfies 

(4.58) 

. 1 
for all s < T. The constant C depends on 11ac Bn(·, 0) IIEm-j. This quantity can be 

expressed in terms of Em-i_norms of the (j - l) th time derivatives of Un+1, µn, kn and 

fJn evaluated at t = 0. Since these functions are themselves solutions of their respective 

equations, we may in turn express time derivatives of Un+1, µn, kn and fJn, evaluated at 

t = 0, in terms of the initial values u0 , µ0 and ko. We therefore have 
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The estimate ( 4.53) is then obtained by using ( 4.59) to iterate from j = 1 to .m starting 

from (4.54). ■ 

Thus in light of Lemma 4.3.2 and Proposition 4.3.8, we find that if u0 E H 2m(S2 ), Mo E 

Em' Un E p;:;½' Un+l E P;:,;:½ and Mn E orT then Mn+l exists and belongs to orr• 
Moving now to the final equation in the iteration scheme, the elliptic system for fin+I· We 

note again that by construction ( 4.29) is guaranteed to have a solution. Hence 7Jn+l exists 

and the following results establish that 7Jn+l E Pf:} provided (un+i, Mn+i) E P;;!112 xO~r-

Lemma 4.3.9 Suppose g E L2(span{Yz~ : l 2: 2}) and let fj be the solution of 

6ft = g 

We have the estimate 

where C is a constant. 

(4.60) 

( 4.61) 

Proof. The result follows easily from the observation that since 5i} is devoid of l = 1 

spherical harmonics, we may solve (4.60). Moreover, we are able to write fj explicitly, 

using spectral decomposition, as was done in the proof of Lemma 2.3.2. We have 

oo l 

fj =LL iJzmYz~. 
l==2 m==-l 

It follows that we may write 

oo I 

8i} = L L CziJzmYi~, 
l==2 m==-l 

where Cz , l = 0, 2, 3, .. . are constants. Checking the norms in question we then find 
2 

and, observing (2.32), 

f L Czftzm Yi~ dfl
2 

l,m 

l,m 

lliJllt1cs2 ) f lv'11l2 + 1111 2 
dfl

2 

< f 2l8iJl2 + liJl2 dfl2 

< CLCffJfm• 
l,m 
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Thus we have 

lliJll~l(S2) ::; CI: CffJtm ::; Cl!6fJllhcs2), 
l,m 

and the result follows from equation ( 4.60) . ■ 

Lemma 4.3.10 Suppose fJ is a solution of (4-60), where now g E Hk(span{Yz~: l ~ 2}). 

We have the estimate 

( 4.62) 

where Ck is a constant depending only on k. 

Proof. Estimating the right hand side of ( 4.62) we have 

11vk+11Jlli2cs2) + lliJlltk(S2) 
< IIVkfjJJ1-1cs2) + CkJJaf}Jltk-l(S2) 

- k 2 - 2 < c11ov 77JJL2cs2) + ckJloiJIIHk(s2) 
k- 2 I - 2 c11v oiJIIL2cs2) + ckJloiJIIHk(s2) 

< CJl611111-k(S2) + C~Jl611111-k(S2) 
< c; ll6fJl\1-kcs2)• 

The result follows from equation (4.60). ■ 

The following result is now immediate from the definition of Pt,r-

Corollary 4.3.11 Let g, belonging to the class Ptr, be devoid of l = 1 spherical harmonic 

components so that 17 exists as a solution of (4.60). Then 

(4.63) 

Ck is a constant depending only on k. 

The foregoing results have shown that if, 

( k A ) P,m+½ //'Im P,m 
Un, µn, n, 7Jn E O,T X vo,T X O,T 

and 

then 

( k A ) P,m+½ om P,m 
Un+l, µn+l, n+l, 7Jn+I E O,T X O,T X O,T 
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also. 

For the sake of brevity we consider the four iterates as a single entity residing in the 

appropriate Banach space. In particular we define the four-tuple 

(4.64) 

residing in the Banach space 

(4.65) 

To summarise, we have proven the following result. 

Theorem 4.3.12 Let m ~ m0 and let uo E H 2m+1 (S2
) , µo E H 2m(S2) and k0 E C3

• 

There exists a non-increasing, but possibly decreasing sequence {Tn}~=l with Tn > 0, and 

a sequence of iterates Un E Wo,Tn which satisfy (4.26, 4.27, 4-28, 4-29}. 

Theorem 4.3.12 is not ideal. It tells us that the iterates exist as elements of Wo,Tn, with 

the possibilty of Tn ➔ 0. To be able to prove local existence for the QSECS however, we 

will need the iterates to be defined over some non-zero time interval. This means that we 

will need to show that there exists an c > 0 such that Tn ~ c, for all n. This fact will 

follow from the uniform estimates we derive for the iterates in the next section. 

4.4 Uniform Estimates for the Iterates. 

In this section we will show that all of the iterates satisfy uniform bounds, at least locally 

in time. We consider the iteration scheme proposed by (4.26,4.27,4.28,4.29), which we 

may write more simply as 

un+i 

Mn+l 

87]n+l 

)'U~D.Un+l + Fn 

AnMn+l + Bn 

.c (un+l, Mn+1) - a, 

where An and Bn are defined by (4.33) and (4.34) respectively, and where 

and 
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The key result needed to prove that the iterates satisfy uniform bounds is the following 

simple inequality 

Lemma 4.4.1 Suppose u belongs to_ the localised parabolic space PJ,r- Then 

llull~8.r ~ 2T (1iuolli2(s2) + llu1Ji5,r) · 

Proof. From the definition of Pg,r we have 

llu-uoll~8,T < 1T f 1tl8tu(~,s)l 2 dsd20dt 

< 1T(T-s) f l8tu(e,s)l 2 d20.ds 

< Tllatull~o . 
O,T 

The result then follows since lluoll~o = Tlluolli2(s2) • 
O,T 

Corollary 4.4.2 Any u E P'f!:,f 1 satisfies the estimate 

llull~o'.'r ~ CT ( 1 + llull~;,it1) • 

The constant C depends onm and llafu(•,O)IIH2(m-;)(s2), j = 0, .. . ,m. 

T . 
Proof: We need only check terms of the form fo ll&luH~2cm-il(s2 ) dt. We have 

1T llaf ull~2(m-j)(S2) dt < C 1T 11atv2<m-j)ulli2(S2) + llaf ulli2(S2) dt 

C (11atv12(m-j)ull~8,T + llaf ull~8,r) 

< 4CT (ilaf u(·, 0)IIH2{m-j)(S2) + llull~m+1). 
0,T 

(4.71) 

• 

(4.72) 

The estimate ( 4. 72) is then obtained by summing terms like the one above from j = 0 to 

m. ■ 

Remark: If we also know that u is a solution of a parabolic equation we may express 

the constant C in terms of the initial values of u, the coefficients and source function. In 

particular, if Un is the solution of ( 4.26) we have 

llunllio'.'r ~ TC (1 + llunll~;,it1), (4.73) 

where the constant C depends on m, JluollH2m(s2), IJµo\lH2m(s2) and llkollC3. 

We now prove that given suitable bounds on the initial data (which constitute U0), all 

the iterates {Un}~=o may be confined within a ball in Wo,r, for some T > 0. 
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Proposition 4.4.3 Let m ~ m0 and suppose uo E H 2m+1(S2
), µo E H 2m(S2

) and ko E 

C3. There exists T* > 0 and N > 0, depending only on m, the initial data and the 

prescribable fields, such that 

(4.74) 

for all n EN. 

Proof. Since u0 E H 2m+1(S2), µ0 E H 2m(S2
) and ko E C3, there exist numbers Ni, N2, N3 

and N4 such that 

Defining the zeroth iterates as the time constant extensions of these initial values and 

assuming, without loss of generality, that T ~ l we find that ( 4. 75) implies 

and so Proposition 4.4.3 holds for n = 0, where N = Ei=1 Ni. 

Hypothesising then, that 

for all j E (0, n]N and some T > 0, we aim to show the same is true for the (n + llh 

iterates. 

We consider (4.66), which is a linear parabolic equation for Un+1• Since m ~ m0 , (3.31) 

gives 

We note that the constant Q depends on the PO:ri norm of the coefficients, which in 

this case, observing (4.30), amount to Un. We note also that the constant Q depends on 

llunllpm in such a way that 
O,T1 

(4.78) 

for any.,\ ER 

However, since Un is itself the solution of a linear parabolic equation, (4.73) applies and 

we have 
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The P.0m,t1 norm of Un can also be estimated using (3.31), 
, 1 

llunll~m+i ~ Q* (iluollt2m+1(S2) + IIFnllim ) · O,T1 O,T1 
The constant Q* depends on llun-illP.m+112 which by hypothesis is less than N1. Similarly, O,T1 
IIFnllim can be controlled by a constant depending on N1, N2, Na, N4 and the prescribable O,T1 
fields. 

Keeping in mind the observation (4.78), we have shown that if we take T1 < T, the 

hypotheses above imply that 

(4.79) 

where 0 1 is a constant depending on the prescribable fields, N1 , N2, N3 and N4 . Thus 

provided that 

we have 

(4.80) 

Turning our attention now to (4.67), Proposition 4.3.8 gives 

IIMn+ill~~T
2 

< OT2 ( 1 + IIBnll~O:tJ 

provided that T2 ~ T1 . By hypothesis again, we can control the Oo,r
2 

norm of Bn by a 

constant depending on N1 , N2 , N3 and N4 . That is, 

( 4.81) 

Therefore, so long as 

we have 

(4.82) 

Finally, from Corollary 4.3.11, we have 

Observing (4.70), we thus find that 

lliJn+l 11io'.'t3 < 0 (11un+I 11io:1T3 + l\µn+1llio:1T3 + \lkn+1lltm([O,T3);C3) + \\ul\~ri/2) 

< T303 + 04 \\0-112 m+l/2' 
Po,T 
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provided that T3 ~ T2 , so that our use of (4.79) and (4.81) is justified. The constant C3 

depends only on the prescribable fields, N1 , N2 and N3 and the constant C4 depends only 

on the prescribable fields. 

Hence, given that 

we find that 

(4.83) 

Note that we require NJ > C4jjcrll~m+1;
2

, but this is easily arranged. 
O,T 

Hence, setting T* = T3, (4.80), (4.82) and (4.83) imply llun+ill m+112 ~ N1, llµn+1llpm. ~ 
Po,r• o,T 

N2, llkn+111Hm([o,r•];C3) ~ N3 and ll11n+1IIP;,'r• ~ N4. The result follows by induction with 

N = L~1Ni, ■ 

This last result has bearing on the problem encountered in Theorem 4.3.12. There we 

found that, due to the possibility that Un might become negative after some ever decreasing 

interval of time, the iterates were possibly only defined on the interval [O, Tn] with Tn --+ 0. 

Now that we have uniform bounds for all of the iterates in a Sobolev space of high enough 

order, however, we may conclude that the supremum of l8tunl over S2 x [0, T*] is no 

greater than N1 . This leads to the following result. 

Theorem 4.4.4 Let m ;?. mo and let u0 E H 2m+l (S2) satisfy inf8 2 ;?. 28 > 0. Also 

suppose µ0 E H 2m(S2
) and k0 E C3. There exists a T > 0, depending on the initial values 

and prescribable fields, such that Un, as defined by (4.26), satisfies 

inf Un> 0. 
S2x[0,T] 

Hence there exists a sequence of iterates {Un};;o=O C Wo,r which satisfy (4.26, 4- 27, 4-28, 

4.29) and IIUnll'11~r :'.SN. 

Proof: We already mentioned above that sup8 2x[o,TJ l8tunl ~ N1. This fact implies that 

infs2x[O,o/Ni) Un ;?. o, since 

Un(e, t) Un(e, 0) + 1t 8tun(e, s) ds 

> 28 - T sup l8tunl 
S2 x[O,T] 

> 28-TN1 

> r5 
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4.5 Convergence of the Iteration Scheme. 

The uniform bounds obtained in Proposition 4.4.3 will now be used to prove that {Un}~=O 

is a Cauchy sequence in an appropriate Banach space. The Banach space we will aim to 

show convergence in is '¥6,T, for some appropriate T > 0. This will be enough to infer 

the existence of strong local solutions to the quasispherical constraint system; the higher 

regularity of these solutions will follow from Proposition 4.4.3. In what follows we will 

use the shorthand notation J(t) = f(·, t). 

If we define 

( 4.84) 

then Wn+I satisfies the following equation, 

(4.85) 

where Wn =Un+ Un-land where Fn is given by (4.69). 

Estimating the H 3 (S2)-norrn of Wn+l we have 

½8tllV
3
Wn+11ii2(S2) - f V 3

Wn+1 \'.73
wn+l d0.2 

f V 3
Wn+l V 3

('yu~.6..wn+l + '}'WnWn.6..Un + Fn - Fn-1) d0,2
. 

It is apparent upon inspection of this expression, that the highest order derivatives are 

fourth order (integrating by parts wherever necessary). Recalling Lemma 3.3.5, Proposi

tion 4.4.3 gives us pointwise bounds for all such derivatives, and it is an easy matter to 

obtain an expression of the form 

8tllV
3
Wn+1(t)l)i2(S2) :S C1i1Wn+1(t)lli3(S2) + C21lwn(t)lli3(S2), 

This expression should only be considered true if t E [O, T*]. The constants C1 and C2 
depend on the prescribable fields and N. 

Estimating 8tllV2wn+1(t)lli2(s2), 8tJ)Vwn+1(t))li2(s2) and 8tl)wn+1(t)llh(s2) in the same 

way, we find 

8tllwn+1(t)lli3(S2) :Sc~ (llwn+1(t)llk3(S2) + llwn(t)llks(S2))' (4.86) 

for all t E [O, T*]. 

Let us also define the following differences 

Vn+l - µn+l - µn 

qn+l kn+I - kn 

Xn+I '17n+l - 'T/n · 
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Then since the iterative system defining these quantities is linear it is a simple matter to 

show that Vn+1, qn+l and Xn+I satisfy the following equations 

Vn+I = div(un+lqn+1) + div(wn+1kn) + div(wn+1a) - (1 + p)vn+I 

-wnu-;;1u-;;:1TJ:B'v(sf1A) + u-;;1Xn 'v(Bf3A) - 81rT03etWn+1 (4.90) 

Qn+1 - -Pi {µn+1DWn+1 + Vn+1DUn + ½o(Un+1Vn) + ½o(wn+Iµn-1) - a(Wn+1H) 

+(1 + p)qn + iJ.nofJ + qno~ + 81rToetWn+1} (4.91) 

8xn+l (1 - P1) { Vn+10Un+l + µnOWn+1 + ½a(un+1Vn+1) + ½o(unVn+i) - o(Wn+1H) 

+(1 + p)Qn+l + iln+1of1 + qn+10~ + 81rToetWn+1} . (4.92) 

Focusing on ( 4.90), we may again use Proposition 4.4.3 to infer pointwise control over 

spatial derivatives of up to third order. Estimating the H 2(S2)-norm of Vn+1(t), we then 

have 

Otl!'v2Vn+1(t)lli2(S2) 2 f 'v2Vn+1(t) 'v2Vn+1(t) d02 

< C1IIVn+1(t)!l1"2(S2) + C2!Jwn+1(t)JJia(s2) + C3lJqn+1(t)JJh 

+C4Jlxn(t) ll1"2cs2) + Cs llwn(t) llit3(S2), 

for all t E [O, T*]. The constants C1, ... , C5 depend only on the prescribable fields and N. 

Similar estimates for 8tll-Vvn+1(t)Jli2(s2) and 8ti1Vn+1(t)lli2(s2) combine to give 

8tllvn+l (t) 11i2cs2) ~ c~ (llvn+l (t) ll1"2cs2) + llwn+l (t) 11i3(S2) + JJqn+l (t) ll~a 

+llxn(t)llit2cs2)+ilwn(t)lliacs2)), (4.93) 

for all t E [O, T*J. In a similar fashion we may obtain 

Btllqn+1(t)ll~a < c~ (JJqn+i(t)Jlh + 1lvn+1(t)lli2cs2) + 1lwn+1(t)lltacs2) 

+ Jlqn(t)ll~a + llvn(t)lli2(s2))' (4.94) 

for all t E [O, T"'], from (4.91) . 

Adding (4.86), (4.93), (4.94) and integrating via Gronwall's inequality, we find 

1lwn+1(t)lltacs2) + llvn+1(t)Jlt2(S2) + llqn+1(t)Jlh 

~ C 1t llwn(s)lltscs2) + llvn(s)llt2cs2) + llqn(s)Jlh + llxn(s)JJ12cs2) ds, (4.95) 

for all t ~ T* . 
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Finally from the elliptic estimate (4.62), and (4.92) we have 

IIXn+1ll~2cs2) ::; C4 (11wn+ill~3(S2) + llvn+ill~2cs2) + llqn+ill~). (4.96) 

For convenience we define 

(4.97) 

so that upon combining ( 4.95) and ( 4.96) and integrating from O to T ~ T*, we have 

T 1T fo 11(wn+1,Vn+1,qn+1,Xn+1)ll~2dt<CT 
O 

ll(wn,Vn,qn,Xn)ll~2dt. ( 4.98) 

The constant C depends on the prescribable fields and the number N encountered in 

Proposition 4.4.3. 

Returning to equations (4.85), (4.90), (4.91) and (4.92) we may use (4.98) to obtain 

1T ll(wn+1,Vn+1,qn+1,Xn+1)llto dt ~ CT 1T ll(wn,Vn,qn,Xn)llt2 dt, 

with the constant C depending on the same quantities as the constant in (4.98). 

Let oUn+i = Un+l - Un denote the difference between two successive iterates, then 

choosing T < l/C we have proven the following result. 

Proposition 4.5.1 Let the initial data satisfy the hypotheses of Proposition 4.4.3. There 

exists a T* > 0, depending on the prescribable fields and the initial data, such that 

(4.99) 

with a< 1. 

Proposition 4.5.1 asserts that the iteration scheme defined by (4.26,4.27, 4.28,4.29), when 

considered over S2 x [O, T*], defines a mapping r : Un t-+ Un+i which is a contraction 

with respect to the '115,T. norm. This fact gives us the following Corollary. 

Corollary 4.5.2 Let the initial data satisfy the hypotheses of Proposition 4.4.3. There 

exists a T* > 0, dependirig on the prescribable fields and the initial data, such that the 

sequence {Un}~==□ is a Cauchy sequence with respect to the '115,T. norm. 

Proof. From Proposition 4.5.1 it is clear, upon iterating the result, that 

Since a < 1 it is obvious that ll8Un+1llw1 
O,T• 

{Un}~=o is a Cauchy sequence in '115,r •. 
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Theorem 4.5.3 Let the prescribable fields {3, H, Toa, a E C00 (S2 x JR+) and let the initial 

data satisfy Uo E s 2m+1(S2), µo E s 2m(s2) and ko E C3, with m > mo, There exists 

a T > O depending on the prescribable fields and the initial data such that the system of 

equations (4.22, 4.23, 4-24, 4,25), with the above data, has a unique solution 

U = (u,µ,k,fJ) E W~T· 
' 

Proof. Given the hypotheses of the Theorem, Corollary 4.5.2 applies and so there exists 

a T > 0 such that the sequence {Un}~=o is Cauchy in '4!'5,T· Now '115,T is a complete 

space, and so Un converges to U E '115,T· The limit U is the unique fixed point of the 

iteration and so clearly uniquely satisfies the system (4.22, 4.23, 4.24, 4.25), with the 

given data. We note that since U E '115,T, U is regular enough to satisfy the system in 

the strong sense. Moreover, Proposition 4.4.3 states that IIUnllw~T :s; N and so there is a 

subsequence {UnJ~o C {Un}~=O and V E W~T such that Uni .....i. Vin Wo.T· However, 

since the fixed point u is unique, we conclude that u =VE WoT· 
' 

■ 

This last result gives us a· partial solution to Problem 1 b. It says that the QSECS with 

prescribed mean curvature is uniquely solvable at least on some finite interval of time. 

We will now derive a similar result concerning Problem 2b, the QSECS with prescribed 

polar curvature. 

4.6 Prescribing the Polar Curvature. 

Our aim in this section is to prove a Theorem analagous to Theorem 4.5.3, where now µ 

is taken as prescribed instead of H. Our method will again be to look at an associated 

linear iterative system of partial differential equations, and infer the convergence of this 

system to a unique fixed point. To this end we will consider the following iterative system 

of equations. 

')'U~L1Un+I --yu~ (l-½e2
t (l61rT00+2Jli,;nJl 2 +!µ 2 -2µHn)) 

+½(1 + ie2tll?Jnll 2 + "(B)un 

kn+l -'A {µoun+I + ½o(µun+I) - o(un+1Hn) + (1 + p)K,n+l 

( 4.101) 

+~n0/3 + K,nO~ + 81retUn+1To}, (4.102) 

a+(l-'P1) {µoun+1 +½o(µun+1)-o(un+1Hn)+(l + P)"'n+I 

-t-Kn+1of3+K,n+l 0~+81retUn+1To} . ( 4.103) 

µ -div( Un+1"'n+1) + (1 + p) µ+u~i111::1 v\B ,BA) +81rT03Un+I et ( 4.104) 
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Again the proposed iteration scheme is comprised of a hierarchical system of partial 

differential equations. Informally speaking we implement the scheme as follows. 

Define the zeroth iterate ( u, fJ, k, H) 0 by first defining u0 and k0 as the time constant 

extensions of the initial data u0 and k0 respectively. We may then use equation (4.102) 

with n = - l, to define H _ i, Note that this is possible since ( 4.102) may be considered as 

an algebraic equation for Hn since Pio is just a multiplier. This is the only time we will 

consider (4.102) as an equation for Hn; from now on we will consider it as an equation for 

kn. Moreover, we may dispense with H_1 after we substitute it into (4.103) with n = -l, 

and we define fj0 as the solution of the resulting equation. With u0, k0 and fj0 all defined, 

we may taken= -l and define H0 as the soltuion of the algebraic equation (4.104). 

If we take uo E H 2m+l(S2
) and ko E C3 then it is clear that (u, fJ, k, H)0 E '1tor· 

' 

Using Theorem 3.3.6, it is an easy matter to see that if (u, fj, k, H)n E Weir then Un+i E 

P'({;J,"¼ exists as the solution to (4.101) with data u0 , for any TE [0, oo). ' 

Moving on to ( 4.102), we may pose this equation equivalently as the following ordinary 

differential equation over C3 , 

(4.105) 

where now 

Ak = -P1{(l + p)k} (4.106) 

and 

En =-Pi {µoun+l +½o(µun+1)-o(un+iHn)+(l+p)a+~nOJ1+Kn0.8+81retUn-t1To} 

(4.107) 

The following result, which is analogous to Lemma 4.3.1, is a simple consequence of the 

definition (4.106) . 

Lemma 4.6.1 Let J3 E r 00 (TS2 x [0, oo)). The operator A: <C3 -+ C3 defined by (4.106} 

is a bounded linear operator. 

Proof. Linearity is obvious from the definition as is the fact that 

(4.108) 

■ 
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We may use Lemmas 4.3.2, with C3 replacing Ei, to infer the existence of kn+1 E 

C 1 ([O,T);C3), the unique solution of (4.105) subject to the initial value ko E C3, pro

vided that Un+1 E P'(;:;J¼, kn E Hm([0, T); C3) and Hn E Pf::T· Similarly we may use 

Lemma 4.3.3 to obtain the estimate 

llkn+1(t)llcse-Cpt :s; llkollcs + it IIBn(s)llcs ds, (4.109) 

for all t E [O, T). 

It is an easy matter to amend the proof of Proposition 4.3.8 to give the following result 

which establishes the higher regularity of solutions to ( 4.105) . 

Lemma 4.6.2 Let k0 E C3 and suppose Un+l E P'(;,j
1
/2 and (Hn, kn) E Oo,T· Then kn+1, 

the solution of (4- 105} satisfies 

llkn+lll~m([o,T];CS) :s; TC ( 1 + IIBnJl~m([O,T];CS)) (4.110) 

The constant C depends on /3 , lluollH2mcs2) and Jlkollcs. 

Proof. The result is just Proposition 4.3.8 with kn+I replacing Mn+l and the much 

simpler equation (4.105) replacing (4.32). Note in particular that there is no dependence 

of the constant on Un, only /3. Other than these minor details, the proof is identical. ■ 

In light of this last result we see that if u0 E H2m(S2 ), k0 E C3, Un+l E P,m+½ and O,T 

(Hn, kn) E OOT then kn+l exists and belongs to Hm([0, T]; C3). , 

As was the case with (4.29), (4.103) is solvable by construction, with the higher regular

ity of solutions being governed by Corollary 4.3.11. The equation for Hn+1, (4.104), is 

algebraic and so it is easy to see that '11n+1, Hn+I E Pf::r provided that Un+l E P'(;:;J½ and 

kn+1 E Hm([O, T]; C3). 

For brevity we introduce the following notation 

Un= (u, '17, k, H)n- (4.111) 

Despite being rather heuristic in nature, the foregoing discussion shows how the results 

proven in section 4.3.2 can be amended to give analogous results concerning the iteration 

scheme presently under consideration. In particular, we have the following analogy of 

Theorem 4.3.12 

Theorem 4.6.3 Let m 2 m 0 and let u0 E H 2m+1(S2) and k0 E C3. There exists a 

non-increasing, but possibly decreasing sequence {Tn}~=l with Tn ~ 0, and a sequence of 

iterates Un E ,Ito,Tn which satisfy (4- 26, 4-27, 4-28, 4-29). 
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Proposition 4.4.3 also has an analogous result concerning the iteration scheme presently 

under consideration. In fact, using the same ideas as those found in the proof of Propo

sition 4.4.3 it is a fairly simple matter to obtain 

Proposition 4.6.4 Let m 2: m 0 and suppose u0 E H 2m+l(S2
) and k0 E C3. There exists 

T* > 0 and N > 0, depending only on m, the initial data and the prescribable fields, such 

that 

(4.112) 

for all n EN. 

As in Theorem 4.4.4, we can use Proposition 4.6.4 to deduce that the proposed iter

ation scheme consisting of (4.101), (4.102), (4.103) and (4.104) is consistently defined 

and produces a sequence of iterates {Un}~=o C Wo,r•· Moreover, results analogous to 

Proposition 4.5.1 and Corollary 4.5.2 are obtained with practically identical proofs and 

the counterpart to Theorem 4.5.3 follows easily as 

Theorem 4.6.5 Let the prescribable fields (3, µ, T00 , e7 E C00 (S2 x R+) and let the initial 

data satisfy u0 E H 2m+l(S2 ) and k0 E C3
, with m ~ m 0 . There exists a T > 0 depending 

on the prescribable fields and the initial data such that the system of equations (4.22, 4- 23, 

4.24, 4,25), with the above data, has a unique solution 

U = (u,fJ,k,H) E \J!~T-, 

This gives us the sought after result concerning Problem 2b. 

It is clear that by construction we may transform the solutions given by Theorems 4.5.3 

and 4.6.5 under the inverse of (4.11) and thereby construct quasispherical initial data 

which locally satisfies the Einstein constraint equations. 
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